The Dixmier map for nilpotent super Lie algebras 

Estanislao Herscovich * 



Abstract 

In this article we prove that there exists a Dixmier map for nilpotent super Lie algebras. In other 
words, if we denote by Prim(W(0)) the set of (graded) primitive ideals of the enveloping algebra U{g) 
of a nilpotent Lie superalgebra g and Ado the adjoint group of go, we prove that the usual Dixmier map 
for nilpotent Lie algebras can be naturally extended to the context of nilpotent super Lie algebras, i.e. 
there exists a bijective map 

/ : go/ Ado Prim(W(0)) 

defined by sending the equivalence class [A] of a fimctional A to a primitive ideal J(A) of U{g), and 
which coincides with the Dixmier map in the case of nilpotent Lie algebras. Moreover, the construc- 
tion of the previous map is explicit, and more or less parallel to the one for Lie algebras, a major 
difference with a previous approach (c/. |Let92| ). One key fact in the construction is the existence of 
polarizations for super Lie algebras, generalizing the concept defined for Lie algebras. As a corol- 
lary of the previous description, we obtain the isomorphism W(g)//(A) ~ Clifrq(fc) ® Ap{k), where 
(p, q) = (dim(go /So )/2, dim(gi /jji )), we get a direct construction of the maximal ideals of the under- 
lying algebra of h({g) and also some properties of the stabilizers of the primitive ideals of W(g). 
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Introduction 

The aim of this article is to extend the Kirillov orbit method a la Dixmier for nilpotent Lie algebras to 
the context of nilpotent super Lie algebras. More precisely, we shall prove the following results. Let 
g be a nilpotent super Lie algebra over an algebraically closed field of characteristic 0. First, for every 
linear functional X E Qq there exists a so called polarization f) of g at A (see Subsection |3.4t such that the 
induced module ind(A|f|, g) is simple and the kernel of its structure morphism is a (graded) primitive 
ideal of the universal enveloping algebra U{g) (see Theorem |43). Moreover, the previously constructed 
ideal does not depend on the polarization (see Theorem l4.7t , and it will be denoted /(A). Conversely, for 
every (graded) primitive ideal / of the universal enveloping algebra U{q), there exists a linear functional 
A G 00 such that / = /(A) (see Theorem |4.9t and we further have that U{g)/I ~ Cliffg(fc) (g) Ap{k), where 
{p, q) = (dim(go/0o)/2i dim(gi/g^)) and g-^ = (0o > fli ) is the kernel of the superantisymmetric bilinear 
form determined by A on g (see Proposition 14. 1 3 1 . A similar version of this last result was proved for 
any field of characteristic zero by A. Bell and I. Musson in IIBM90I , but without any determination of the 
indices (p, q). Finally, we have that /(A) — /(A') if and only if A and A' are in the same coadjoint orbit on 
go imder the action of the adjoint group Ado of go (see Proposition l4.12t . Summarizing, if we denote by 
Prim(Z//(g)) the set of primitive ideals of U{q), these results can be equivalently restated as saying that 
the map 

/ : gSMdo ^ Prim(Z^(g)) 

given by sending the equivalence class [A] of a functional A to /(A) is well-defined and bijective. As a 
consequence, we also derive an explicit description of the maximal ideals of the imderlying algebra of 
U{q). If g is just a nilpotent Lie algebra, the previous results are exactly the statements of the Dixmier 
map, which were gradually proved (together with generalizations to the solvable and other cases) by 
N. Conze, J. Dixmier, M. Duflo and M. Vergne to say a few names (c/. IIDix96l , Ch. 6 and the references 
therein, especially the Supplementary remarks at §6.6). 

*The author is an Alexander von Humboldt fellow. 
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One of our main motivations to consider this extension is to study representations arising from 
(noncommutative) supersymmetric gauge field theory in physics, that could be found proceeding in 
an analogous manner to the one used for Yang-Mills theory in the Ph.D. thesis of the author, in which 
the Kirillov orbit method for nilpotent Lie algebras was used extensively (c/. IIHSllI , where these re- 
sults were published). More precisely, I studied the representation theory of the so-called Yang-Mills 
algebras, defined by A. Connes and M. Dubois-Violette in IICDV02L and established a connection be- 
tween them and the Weyl algebras, which are related to the gauge theory of the noncommutative flat 
space, using the Dixmier map. In this article we prove the necessary results of the Kirillov orbit method 
for nilpotent super Lie algebras to extend the previous point of view to a superized version, which is 
related to supersymmetric gauge field theory. 

We would like to make a few comments. At first glance, it could seem that what we have proved 
follows from the work ||Kac77| of V. Kac {cf. Thm. 7' on p. 82, where he claims similar results for 
completely solvable super Lie algebras). Nonetheless, as stated by A. Sergeev in ||Ser99L Theorems 7 
and 7' in IIKac77l contain a mistake. In particular the proof of one key point of them, namely item (a) 
of the first of these theorems, does not hold, as explained by Sergeev in Sec. 5 of the aforementioned 
article. We would like to remark however that items (b), (c) and (d) of Theorem 7 still hold for nilpotent 
super Lie algebras, as it can be deduced from the results in ||Ser99l| . On the other hand, we mention 
that E. Letzter has proved in |Let92| that there is a bijection from the set of (graded) primitive ideals 
of the enveloping algebra of a completely solvable super Lie algebra to the set of primitive ideals of 
the enveloping algebra of the Lie algebra of even elements of the given super Lie algebra. This implies 
the existence of a bijection / as before, being the inverse of the map studied by Letzter However, 
his construction is not very explicit and in fact it does not provide a description of the ideals of the 
enveloping algebra of the super Lie algebra. We would like to remark that our manner of proceeding 
is completely different: even though we made use of his results as a short cut in the proof of Theorem 
14.91 and Proposition 14.121 (for which a direct proof following the nonsuper case is possible), our aim 
is a more explicit description of the maximal ideals of which relies on the structure of the super 
Lie algebra g, following more or less the pattern of the nonsuper case. This last way of proceeding 
has allowed us, for instance, to study the quotients of the enveloping algebra of a nilpotent super Lie 
algebra by its primitive ideals, a description of the maximal ideals of the underlying algebra of the 
enveloping algebra of a nilpotent super Lie algebra and other properties related to our motivations 
{cf. Subsection I4.2|l . Finally, we would also like to say it also generalizes some results proved by S. 
Mukherjee in ||Muk04il {cf. Thm. 11.1 of the mentioned paper). 

A lot of what we state at the beginning will be the superized version of properties already known for 
Lie algebras or associative algebras. Since many of the proofs of these result are more or less the same as 
for the nonsuper case, we shall only state the superized versions of them and put a standard reference 
whose proof can also be applied in the super world with at most minor changes, that will be shortly 
explained. Such changes could include the use of homogeneous elements instead of general ones, and 
the usually consequent use of super commutators instead of commutators, the appearance of inessential 
(and obvious) signs {cf. Lemma [l.6| for a typical case) and the replacement of the use of previous results 
for algebras by their superized versions for super algebras. This should not make the reader believe 
that in the graded world the standard theory of rings follows verbatim, as one can notice by reading 
IINVO04II or IICM84I . In the particular case of enveloping algebras of super Lie algebras, there were 
also several obstacles, as the construction of polarizations (because the super version of ||Dix96l , Prop. 
1.12.10, does not yield polarizations of solvable super Lie algebras), the impossibility to exponentiate 
odd derivations in order to obtain automorphisms, etc. There are thus a collection of proofs that were 
not so clear at first sight, because they rely on other results inside a lengthy chain of generalizations, 
and others that were not clear at all, at least to the author We shall include these. 

The article is organized as follows. In the first section we recall some generalities on super (associa- 
tive) algebras, their ideals, representations and localizations. In order to fix notation, we also provide 
a short reminder on super vector spaces. In Section |2j we recall general facts on super Lie algebras 
and their representations. We also remind the usual definition of the imiversal enveloping algebra, and 
discuss some of its properties. In particular, we shall recall some basic facts of the ideals of the envelop- 
ing algebra of super Lie algebras and their representations that will be used in the construction of the 
Dixmier map. As already explained, in these two sections we shall provide a list of results that will be 
used in the sequel and that will be the corresponding superized version of well-known facts for plain 
algebras and Lie algebras. 
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In Section |3] we provide a definition of polarization for super Lie algebras, which resembles more 
to the definition for Lie algebras than to the one implicit in ||Kac77| for super Lie algebras. In order 
to do that, we first recall some definitions on bilinear forms on super vector spaces. Moreover, we 
remind the basic facts on polarizations of Lie algebras and some results proved by Sergeev in IISer99l . 
At the end, we give the main result of the section, namely the fact that solvable super Lie algebras have 
polarizations and derive some consequences. In the final section we state and prove the main results of 
this article, described at the beginning, and we derive several consequences. 
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1 Generalities on super algebras 

From now on, we choose k to be an algebraically closed field of characteristic 0. All unadorned tensor 
products ® are over k. 

In the first subsection we recall the basic definitions of super vector spaces. Since the terminology 
sometimes varies in the literature, this section is also useful to fix the notation and some simple results 
we shall use in the sequel. We more or less follow the conventions of [DM99 1, which we suggest as a 
reference. 

In Subsection 1 1 .2 1 we will provide the definitions and some basic results on super algebras and their 
representations, stating several results concerning the two-sided ideals of a super algebra, that shall be 
crucial to us. Finally, in the last subsection we will remind some useful basic facts on localization of 
super algebras. 

1.1 Super vector spaces 

We recall that a super vector space over fc is a fc-vector space V provided with a Z/2Z-grading of the 
form V ^ Vq (B Vi. An element v £ V is called homogeneous ii v & Vi for some i € Z/2Z, and more 
precisely, the elements of Vb are called even and the ones which belong to Vi are called odd. For a 
nonzero homogeneous vector v E Vi {i G Z/2Z), we write \v\ = i and call it the degree or parity of v. 
When we speak about the parity of an element, we will always assume that it is homogeneous. 

Given two super vector spaces V and W, a morphism (of super vector spaces) f : V ^ W is a fc-linear 
map between the imderlying vector spaces that preserves the grading. The vector space of morphisms 
from y to is denoted by Hom(y, W). It is easy to see that the collection of super vector spaces pro- 
vided with the previous morphisms is a fc-linear category, denoted by sVect^. A subobject of an object 
of this category will be called a sub super vector space or more simply a subspace. We may define the super 
dimension (called dimension in ||pM99|) sdim(V^) of a super vector space V as the pair (dim(Vb), dim(Vi)). 

The category sVect^ is provided of a functor 11, called parity, which satisfies that n(y)i = Vi-i, 
for i e ^LjTL, and if / : y — > W , then n(/) = /. Moreover, it is easy to see that this category is 
monoidal, when considering the tensor product given by iy ® W)i = ©jgz/2Z^' ^ Vi-j, for i G Z/2Z, 
and the imit given by the super vector space of super dimension (1,0), which we shall denote by k 
(instead of 1 in IIDM99I ). We may also consider the internal horn in the category which is the super vector 
space nom(y, W) (instead of Horn in 1DM99|) such that 'Hom{V, W)q = YLoia{V, W) and nom{V, W)i = 
Hom(y, n(Ty)). It is clear that there is an adjimction between the tensor product and the internal hom 
of the form 

Hom(y (g)W,U)c^ Hom(y, Hom{W, U)). 
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In fact, the previous isomorphism is just the degree zero part of a natural isomorphism of super vector 
spaces 

nom{V (E)W,U)c^ nom{V, nom{W, U)). 

If we consider the flip V ®W ^ W i^V given hy v^w (— v, one sees that sVect^ is in fact 
a braided monoidal category. 

1.2 Super algebras 

A super associative and unitary algebra is a vector space A provided with morphisms of super vector 
spaces n : A(E)A ^ A, called product, and an element 1a E A^ such that ^{^{a ®h)®c) = ii{a® ^{b (E)c)) 
for all a,b,c G A and ^{a (E) Ia) = a = ® a), for all a G A. As usual, we denote the product by a 
dot or simply by juxtaposition: ij,{a ® b) = a ■ h ~ ah. By simplicity, super algebra will always denote a 
super associative and imitary algebra. A morphism cf) : A ^ B of super algebras A and i? is a morphism 
of the underlying super vector spaces (j> : A ^ B such that (p{aa') = (f){a)4){a'), for all a, a' e A, and 
<j)(lA) = Is- The tensor product of super algebras is canonically defined following the Koszul's sign rule. 

Every super algebra is provided with an isonwrphism S of order two, defined as S(ao + 0,1) = ao — ai, 
where a,; is a homogeneous element of degree i, for i e Z/2Z. For a super algebra A, we denote by 0{A) 
its underlying algebra. From the previous comments, it is clear that a super algebra can be equivalently 
defined as an algebra provided with an isomorphism of algebras of order two. 

Example 1.1. If V is a super vector space, the internal endomorphisni space £nd{V) is a super algebra with the 
product given by composition. 

A left module of a super algebra A is a super vector space V provided with a morphism of super 
algebras p : A — > £nd{V). Given two left yl-modules V and W, a morphism from to is a morphism 
between the underlying super vector spaces f : V ^ W such that f{av) = af{v), for all a e A and 
V E V. There are similar definitions for right A-modules. 

The following examples of super algebras will be of great importance to us. 

Example 1.2. (i) Given n e No, let A„(fc) denote the super algebra over k given by 

k{qi, . . . ,qn,Pi, ■ ■ . ,Pn) / {{[qi,Pj] -S.ijl,l < i,j < n}), 

where qi and pi are homogeneous of degree Q, for i = 1, . . . , n (we remark that A^ik) = k). It is thus 
concentrated in degree zero, so a plain algebra, and it is called the n-th Weyl algebra. 

(ii) Let V be a vector space over k with a nondegenerate symmetric bilinear form {,). Define Cliff (F, ( , )) the 
super algebra given by TV/{{v ® w + w ® v — {v ,w)l : v,w £ V}), where the elements of V are all of 
degree 1. Then, it is a super algebra, called the Clifford algebra of {V,{,)). It can be proved that it only 
depends on the dimension n ofV, so it will be also denoted by Cliff„(A;). Moreover, it is easy to see that 
Cliffi(fc) ~ fc[e]/(e^ — 1), where |e| ~ 1, and that Cliff2(fc) — M2{k), where the even and odd parts of the 
matrix algebra AI2 (fc) are 

fk 0\ , [Q k\ 

Vo k) [k oj' 

respectively. Furthermore, we have the so called Bott periodicity, i.e. Cliff „+2(fc) — Cliff „(fc) ® M2{k) 
(see [KarZai, Ch. Ill, Subsec. 3.23). We set Cliff o(fc) = k. 

The following proposition is known for algebras (see ||Dix63l ). The proof for super algebras is more 
or less similar, but we include it for completeness. 

Proposition 1.3. Suppose that k is uncountable. Let Abe a super algebra and let V be a simple module over 
A, which we assume to have a countable homogeneous basis over k. Then, every A-linear endomorphism of V is 
given by a multiplication by a scalar in k. 

Proof. By Schur's Lemma in IIRac98l , p. 591, we see that £ndA{V) is a super field (i.e. every nonzero 
homogeneous element is invertible), so EndA(V^) is a field. Following an idea of Dixmier, let us suppose 
that there exist an isomorphism (p € End^i ( V^) such that it is not the same as the multiplication by a scalar 
in k. This is equivalent to the fact that is not algebraic over k, for k is algebraically closed. Hence, 



4 



is trascendental over k and EndA(V^) contains a copy of the field k{(f>), which has an uncountable 
basis, because k is not countable. However, since V is simple, any nonzero homogeneous element is 
a generator of the A-module V, say v, so every endomorphism of V is completely determined by its 
value at v, which is a linear combination of the countable homogeneous basis oiV. So the dimension of 
End^(y) over k is at most countable. This is a contradiction, so (p must be given by the multiplication 
by a scalar in k. The proposition is thus proved. □ 

Remark 1.4. We remark the fact that EndA(V^) — k immediately implies that EndA{V) is k or k[e\/ (e^ — 1), 
with |e| = 1 (see IIVar04l , Section 6.2, p. 215). This can be proved as follows. We first show that EndA{V)i 
has super dimension less than or equal to 1. Let us suppose that it is not zero. We will prove that is one, i.e. 
that two homogeneous isomorphisms in EndA{V) degree 1 are linearly dependent. Given (jj.ijj e SndAiV) 
two homogeneous isomorphisms of degree 1, there exists a nonzero c^^^ € k such that cj) o ij} = c^^^ly. From 
that we see that c^^^lv ° = (j) o (jy o ip = cj) o c^^^ly- So, (j) is just a scalar multiple in k of if), and hence 
dim(£n(iyi(l/)i) = 1. Moreover, since (j)^ — c^^^\v, with c^^^ ^ 0, zve may define e ~ c/j/^/c^^. 

A subalgebra of a super algebra A is a subspace of the underlying super vector space of A such that 
it is closed under the product of A. A left (resp. right, two-sided) ideal of A is subspace / of the super 
vector space underlying A such that ax E I (resp. xa E I, axa' £ I, for all a' £ A and) for all a G A 
and X £ I. A two-sided ideal will be usually called ideal. For clarity, we remark that in this article, the 
term left (resp. right, two-sided) ideal of a super algebra will always denote a so-called left (resp. right, 
two-sided) graded or super ideal, which are sometimes used in the literature. Note however that we do 
distinguish between the ideals of a super algebra A and the ideals of the imderlying algebra 0{A) of A. 

Given two homogeneous elements a,b S A, the super commutator [a, b] of a and b is defined as 
ab — (—l)!"^! 1^1 6a. We recall that a homogeneous element z G A is called supercentral if [z,a] = 0, for 
all homogeneous elements a E A. The super center of A is the super vector space expanded by the su- 
percentral elements of A. A homogeneous fc-linear map d in £nd{A) is called a derivation if it satisfies 
the super Leibniz identity, i.e. 

d(a6) =d(a)6+(-l)l"ll''lad(6). 

A super algebra A is called left (resp. right) noetherian if any left (resp. right) ideal has a finite set 
of homogeneous generators. Equivalently A is left (resp. right) noetherian if it satisfies the ascending 
chain condition on left (resp. right) ideals. From now on, noetherian will always denote left noetherian, 
imless we say the contrary. It is obvious to see that if A is noetherian as an algebra, then it is noetherian 
as a super algebra. 

If R is an algebra provided with an isomorphism cr and a cr-derivation 6 {i.e. 5{rr') = 6{r)r' + 
(j{r)5{r'), for all r, r' e R), R[t,a,5] will denote the Ore extension of R, which is the (unique) algebra 
with underlying vector space ©igNo^ i*/ such that the product extends the left action of R on the direct 
sum, V-P = f and tr = (j{r)t + 5{r), for all r E R. Note that, if R is the underlying graded of a super 
algebra A and ct = E, then a a-derivation is just an odd derivation of A. More generally, if R is the 
underlying algebra of a super algebra A, a is an isomorphism of A and (5 is a homogeneous element 
of the internal morphism space of the underlying super vector space of A of degree |(5|, which is a cr- 
derivation of 0{A), then 0{A) [t, cr, S\ has also the structure of a super algebra where \t\ ~ |(5|, which we 
shall denote by cr, S\. 

We shall now recall some properties of two-sided ideals of super algebras. 

An ideal / of a super algebra A is called maximal if I ^ A and it is maximal in the set of all ideals of 
A different from A with respect to inclusion. It is called primitive if it is the annihilator of a simple left 
A-module. The (Jacobson) radical J{A) of A is the intersection of all primitive ideals, or equivalently, the 
intersection of all maximal ideals of A (cf 1ICM84I , Sec. 4, p. 250). Since char(fc) =^ 2, we have that the 
Jacobson radical of the super algebra A coincides with the Jacobson radical of the underlying algebra of 
A (cf IICM84I , Thm. 4.4, (3)). 

Moreover, / is called prime if I ^ A and if whenever JK C /, for J, K ideals of A, then J C / or 
K C I. Equivalently, / is prime it I ^ A and for a,b E A homogeneous elements not in /, we have 
that aAb ^ /. The super algebra A is integral it A ^ Q and the product of two nonzero homogeneous 
elements is nonzero. An ideal / of the super algebra A is completely prime if A// is integral. The ideal / 
is called semiprime it I ^ A and it in A/ 1 every two-sided nilpotent ideal is null. It is obvious that the 
intersection of an arbitrary collection of semiprime ideals is semiprime. 
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It is trivial to see that a completely prime ideal is prime, and that a prime ideal is semiprime. 
The standard arguments show that a maximal ideal is primitive and that a primitive ideal is prime 
(c/. llDix96l , 3.1.6). 

There is a strong relation between the concept of prime or maximal ideal for a super algebra and the 
same notion for the underlying algebra. 

Lemma 1.5 ( IICM84I , Lemma 5.1 and Thm. 6.3, cf. IIBM90I , Lemma 1.2). Let Abe a super algebra and I an 
ideal of A. The following are equivalent: 

(i) I is a prime (resp. maximal) ideal of the super algebra A. 

(ii) I = P n Y.{P),for some prime (resp. maximal) ideal P of the underlying algebra of A. 

(Hi) I is a semiprime ideal of the underlying algebra of A and its minimal prime ideals form an orbit under E 
(resp., and are maximal ideals of the underlying algebra of A). 

We recall that a super algebra A over k is said to be central simple if its super center is k and it has no 
nontrivial two-sided ideals. We remark that we do not require A to be semisimple, as in ||Var04L Section 
6.2. As examples of central simple super algebras we have An{k) (see I1FD931, Part III, Exercise 26) and 
Cliff„(/c), for n e No (see IIVar04l , Section 6.2, p. 215). We refer to IILamSOJ , Ch. 4, §2, or IIVar04L Section 
6.2, for a more detailed study on (finite dimensional) central simple super algebras. The following 
analogous result to the Azumaya-Nakayama's Theorem will be used in the sequel. 

Lemma 1.6. Let Abe a central simple super algebra, B a super algebra, I the set of ideals of B and X' the set of 
ideals of A®B. Then, the map from X to X' given by I ^ A® I is a bijection. Also, the super center of the tensor 
product is given by Z{A ® B) ~ Z{B). Moreover, I is a maximal (resp. prime) ideal of B if and only if A ® I is 
a maximal (resp. prime) ideal of A ® B. 

Proof. The proof of the first two statements is analogous to the one given in IIFD93L Thm. 3.5 and 
Lemma 3.7, but taking into accoimt that all elements must be homogeneous and one should use super 
commutators instead of commutators {cf. liLamSO I , proof of Thm. 2.3). This immediately implies the 
assertion concerning maximal ideals. The proof of the statement for prime ideals is the same as the one 
given for ||Dix96L Lemma 4.5.1. □ 

As a direct corollary of the previous result we have (cf. IILamSOl , Thm. 2.3): 

Corollary 1.7. Let A and B be two central simple super algebras. Then the tensor product A® Bis also a central 
simple super algebra. 

1.3 Localization of super algebras 

In this subsection we shall recall some facts on localization of super algebras. Even though some of 
these results may be stated in more general terms, we restrict ourselves to the cases we need. We refer 
to IINVO04I for a more comprehensive exposition. Furthermore, some of the results we will state here 
are the obvious generalizations (with the standard proofs) of those that can be found for instance in 
||Dix96l , Ch. 3, §6, for the case of algebras. 

If S* is a subset of homogeneous elements of A, it is said to satisfy the graded left (resp. right) Ore 
conditions (or to allow of an arithmetic of left (resp. right) fractions) if 

(i) 1 e 5*, ^ 5* and S is multiplicative closed, 

(ii) If a G A is a homogeneous element and s E S are such that as = (resp. sa ~ 0), then there exists 
s' e 5* such that s'a = (resp. as' = 0). 

(iii) For s e S* and a £ A homogeneous elements, there exist t £ S and b & A (resp. i' e 5 and b' e A) 
such that ta = bs (resp. at' = sb'). 

We remark that, for a set S of homogeneous elements, the graded left (resp. right) Ore conditions are 
equivalent to the usual left (resp. right) Ore conditions (see IINVO04L Lemma 8.1.1). Moreover, the left 
(resp. right) version of the Ore condition (ii) is always satisfied if A is left (resp. right) noetherian as an 
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algebra. If both the left and right graded Ore conditions are satisfied, the super algebra A together with 
its subset S of homogeneous elements is said to allozu of an arithmetic of fractions. If the algebra A allows 
of an arithmetic of fractions, the left and right localization rings S^^A and AS^^ can be defined in the 
obvious way, they are super algebras and in fact coincide (see IINVO04L Prop. 8.1.2). We denote any of 
them by As- If z is a homogeneous element and Sz = {z"^ : n G Nq}, we will usually write A^ instead 
of As^ ■ From now on we shall restrict to the case that 5* does not contain zero divisors and that all of its 
elements are of degree 0. Then, we have the following result: 

Lemma 1.8. Let Abe a super algebra and S a set of elements of degree allowing of an arithmetic of fractions, 
and let I be a two-sided ideal of A satisfying that, if sa € I, for s & S and a € A, then a & I. Let us consider 
IS~^ and S~^I the subspaces of the super vector space underlying As expanded by the homogeneous elements 
as^^ and s^^a respectively, where a £ I is homogeneous and s e S. Then, S^^I C IS^^ and IS^^ is in fact a 
two-sided ideal of As- 

Proof. The standard proof given in ||Dix96L Lemma 3.6.14 works in this case as well, taking into account 
that all elements there should be homogeneous. □ 

Proposition 1.9. Let Abe a super algebra and S a set of elements of degree allowing of an arithmetic of 
fractions. Define Is the set of two-sided ideals of As and I the set of two-sided ideals of A satisfying the following 
property: either as G I or sa € I, for s & S and a £ A homogeneous, implies that a £ I. Then, if I el, it holds 
that S^^I = IS^^, which we simply denote by Is, and the maps from I — > given by I ^ Is and Is ^Tby 
/' !->■/' n A are mutually inverse. Furthermore, if I <E I is prime, so is Is. 

Proof. The standard proof given in ||Dix96l , Prop. 3.6.15 also applies in this case, taking into account 
that all elements there should be homogeneous, and replacing the use of [|Dix96J , Lemma 3.6.14 by the 
previous lemma. □ 

Finally, we have the following simple result. 

Proposition 1.10. Let A be a super algebra and S a set of elements of degree allowing of an arithmetic of 
fractions. Then any derivation d : A^ A can be extended to a unique derivation ds : As ^ As. More precisely, 
if s~^x = yr^^,for s,r £ S and homogeneous elements x,y & A, then 

ds{s-^x) = -s-^d{s)s^^x + s-^d{x) = d{y)r-^ - {-l)^y^yr-^d{r)r-\ 

Proof. The proof in IIDix96l , Prop. 3.6.18 also applies in this case, taking into account that all elements 
there should be homogeneous and the appearance of harmless signs due to the Koszul's sign rule. □ 



2 Generalities on super Lie algebras 

In the first subsection we shall provide the basic definitions and results on super Lie algebras, most 
of those can be found in IIKac77l or IISch79l , which we suggest as a reference. We will also recall the 
standard relation between super Lie algebras and super algebras given by the imiversal enveloping 
algebra. In the next subsection we shall focus on representations of super Lie algebras, stating some 
results on induced modules that will be used all throughout the paper, and a basic fact on ideals of 
enveloping algebras of nilpotent super Lie algebras. Finally, in the next subsection we provide a useful 
criterion for a representation of an enveloping algebra of a super Lie algebra to be simple, analogous to 
the well-known one for plain Lie algebras, which will allow us to prove the primitivity of the ideals to 
be considered in Section |4l 

2.1 Basic facts on super Lie algebras 

A super Lie algebra over the field fc is a super vector space g = flo © 0i provided with a morphism 

[,] : 0«)fl ^ 0, 

called the Lie bracket, such that 
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• thehracket is superskewsymmetric; i.e. [x,y] = —(— 1)1^ 1 1^1 [y, a;], for all nonzero homogeneous x, ?/ S 

• the bracket satisfies the super Jacobi identity; i.e. [x,[y,z]] = [[x, y], z] + (— [x, z]], for all 
nonzero homogeneous x,y, z E g. 

Instead of the most common denomination "Lie superalgebra", which appears in IIKac77L we prefer 
to use the more systematic terminology in IIDM99II . From now on, even though it is not necessary in 
many definitions, we will suppose that the underlying vector space of the super Lie algebra is finite 
dimensional. 

A morphism cj) : g ^ g' between two super Lie algebras g and g' is a morphism of the imderlying 
super vector spaces g ^ g' such that (j){[x, y]) — [(f>{x), 4>{y)], for all homogeneous x,y G g. We thus have 
the category of super Lie algebras. 

The following proposition is direct. 

Proposition 2.1 ( IIVar04L Section 3.1, p. 89). A super vector space g is a super Lie algebra if and only if go is a 
Lie algebra, gi is a module over go, there exists a Qo-equivariant linear map S'^gi go, and it holds that 

[x, [x,x\] =0, Va; e gi. 

Example 2.2. (i) Given a super algebra A, we may regard it as a super Lie algebra with the bracket given by 
the super commutator [a, b] = ab — (— l)l"ll''l6a. We denote this structure by sLie(A). 

(ii) Given a super vector space V of super dimension (n, m) we may consider the super vector space £nd{V). 
It has the structure of a super algebra (explained in Example \T?l\ , and thus of a super Lie algebra provided 
with the Lie bracket given by the super commutator. It is denoted by Qi{V) or g\{n\m). 

Given a super Lie algebra g, we can consider a super algebra associated to it, called the universal 
enveloping algebra U{g), which is defined as the quotient of the tensor algebra Tg by the ideal generated 
hy {x ® y — (— ® X ~ [x,?/]} for all homogeneous x,y e g. The Z/2Z-grading on U{g) is in- 
duced from the Z/2Z-gradrng of g. This super algebra satisfies the imiversal property Hom(Z//(g), A) ~ 
Hom(g, sLic(^)), where the first morphism space is of super algebras and the second one is of super Lie 
algebras. It is provided with an increasing filtration of super vector spaces {-F*Z-/(g)},gNo coming from 
the filtration of the tensor algebra Tg given by its usual grading. It is easy to prove that the underlying 
algebra of the super algebra ZY(g), for g a finite dimensional super Lie algebra, is noetherian (see ||Beh87L 
Prop. 3.1, (i)), so a fortiori the super algebra iY(g) is noetherian. 

As well as for enveloping algebras of Lie algebras, there is a PBW theorem for super Lie algebras. 

Theorem 2.3 ( IIRos65l , Thm. 2.1). Let {xi, . . . ,Xs} be an ordered basis of g consisting of homogeneous ele- 
ments. Then the set of all products of the form 

•^1 ■ ■ ■ -^S J 

where x^ — l^p^ <e Nq and Pi < 1 whenever Xi is odd, is a basis for U{g). 

We recall that an antiautomorphism of a super algebra A is an isomorphism cj) of the underlying super 
vector space satisfying that 4>{xy) = (— l)l^ll*'l0(j/)(/)(a;), for all homogeneous elements x^y e A, and 
0(1) = 1. The enveloping algebra Z//(g) is provided with an antiautomorphism a, called principal, such 
that a.{x) = —X, for a; G g. In fact, it is easily proved that 

a(m...x„) = (-l)"+^'<. l^-ll^^-la;„...a;i, 

where homogeneous elements of the super Lie algebra g, and n e N. 

A sub super Lie algebra of a super Lie algebra g is a super vector space f) C g closed under the bracket 
operation, i.e. if x,y G f), then [x, y] e f). Analogously, a super Lie ideal of a super Lie algebra g is a super 
vector space f C g that satisfies that, for all x E g and y Gt, [x, y] e {. Equivalently, we could have given 
the previous two definitions just in terms of homogeneous elements. Since we shall often work in the 
"super" context, we will usually use the shorter terms subalgebra and ideal, imless we need to make 
the distinction. 
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Given a super vector space V C g (resp. a set of homogeneous elements S C g), the super centralizer 
of V (resp. S) is the super vector space C{V) (resp. 0(5*)) expanded by the homogeneous elements x € q 
such that [x,y] = 0, for all homogeneous y ^ V (resp. ?; e 5). It is easily seen to be a subalgebra of g. 
The super centralizer of g is called the super center of the super Lie algebra g, and denoted by Z{g). It is 
an ideal of g. 

On the other hand, given two super vector spaces V,W C g (resp. two sets of homogeneous elements 
S,T C g), the super commutator [V, W] (resp. [S, T]) of V and W (resp. of S and T) is the super vector 
space expanded by [x, y], for all the homogeneous elements x £ V and y G W (resp. x e S and y G T). 
If in the previous definition V and W are ideals, the super commutator is also an ideal. In particular, 
[g, g] is called the derived algebra of g. 

Example 2.4. Given a super Lie algebra g, the super vector space Dcr(g) expanded by the homogeneous maps 
d e 'Hom{Q, g) satisfying that 

d{[x,y]) = [d{x),y] + {-l)\-\\^\[x,d{y)] 

is called the space of derivations o/g. It is a super Lie algebra with the bracket provided by the super commutator. 
It is clear that the image InnDer(g) of the morphism of super Lie algebras ad : g — s- ■Hom(g,g) is an ideal of 
Dcr(g), called the space of inner derivations o/g. Note that ad induces an obvious identification InnDcr(g)o = 
InnDcr(go). 

As in the nongraded situation, we may consider the lower central series of g to be the decreasing 
sequence of ideals defined recursively by C^(g) = g and C*(g) = [g,C*~^(g)] for i > 2. Furthermore, 
the derived series of g is the decreasing sequence of ideals defined recursively by 2?°(g) = g and I'*(g) = 
[I?*-i(g), I3'-i(g)] for i e N. It is easy to see that P*(g) C C'+i(g), for all i e Nq. A super Lie algebra g is 
called solvable if the there exists i e Nq such that I?'(g) = 0. Analogously, g is said to be nilpotent if the 
there exists i € No such that C'(g) = 0. It is clear that a nilpotent super Lie algebra is solvable. 

The following result indicates that the solvability of a super Lie algebra only relies on its even part. 

Proposition 2.5 ( l|Kac77L Prop. 1.3.3, or ||Ser99l , Cor. 2.3). A super Lie algebra g is solvable if and only if the 
Lie algebra go is solvable. 

There is also a version of Engel's theorem for super Lie algebras and it is proved in exactly the same 
way as for (plain) Lie algebras. 

Proposition 2.6 ( IISch79l , Ch. Ill, §2, 1., Prop. 1). Let g be a subalgebra of gl{n\m) such that, for every 
homogeneous x & g, ad(x) ;s a nilpotent operator. Then there is a homogeneous vector v in the super vector space 
of super dimension {n, m) such that x{v) = 0,/or all a; € g. 

As a corollary of the previous result we have: 

Corollary 2.7 ( ||Sch79L Ch. Ill, §2, 1., Cor 1). A super Lie algebra g is nilpotent if and only if for every 
homogeneous a; € g, ad(a;) is a nilpotent operator. As a consequence, a super Lie algebra g is nilpotent if and only 
ifgo is a nilpotent Lie algebra and the action o/go on gi is by nilpotent operators. 

Concerning the enveloping algebra of a nilpotent Lie super algebra, we now state a basic result that 
we will used throughout the article. 

Proposition 2.8 ( l|Let89L Prop. 3.3). Let I be an ideal of the enveloping algebra U{q) of a nilpotent super Lie 
algebra g, distinct from U[q). Then, I is primitive if and only if it is maximal. 

2.2 Representations of super Lie algebras 

A left representation of a super Lie algebra g (or a left g-representation) is a super vector space V provided 
with a morphism of super Lie algebras p : g ^ flK^)- Equivalently, a left representation of g is a super 
vector space V provided with a morphism of super vector spaces 

p' -.g'SiV 

such that, for all homogeneous x, y G g, 

p' {x ® p' [y ® v)) - (-l)l^llylp'(y (g)p'(a;(8)t;)) = p'{[x,y] ®v). 
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It is clear that p'{x ®v)= p{x) {v). We shall usually denote the action by a dot or even by juxtaposition, 
i.e. p{x)(v) = X ■ V = XV. 

Given a left g-representation V with structure morphism p, the parity changed representation nv^ 
is defined as follows. The underlying super vector space is just the parity functor 11 applied to the 
underlying super vector space of the g-representation V . However, the action satisfies the identity 
x.v = (— l)l^l/9(a;)(w), for homogeneous a; G g and v e IIF, and where the left member stands for the 
action of x on w G IIF, but on the right member we are considering the action of x on V . 

Given two left representations V and of g, a morphism f : V —t' W isa map of the underlying super 
vector spaces such that /(xu) = xf{v). Wedenotethespaceof such morphisms by Horn j,(V, M^). We will 
also consider the super vector space of morphisms T-Lomg{V, W) given by Homg(y, W)o ~ Homg(y, W) 
and Homg(V, W)i = Honig(y, IIVF). There are similar definitions for right representations. 

It is trivial to see that the category of left representations of g is equivalent to the category of left mod- 
ules over the super algebra U{q), since Hom(g, gl{V)) ~ Hom(Z^(g), £nd{V)), where the first morphism 
space if of super Lie algebras and the second one is of super algebras. From now on, we will deal only 
with left representations and modules, and just call them representations and modules, respectively. 
Moreover, for a representation V of g, the corresponding morphisms g Q^iV) and U{q) £7id{V) are 
called the structure morphisms of V. 

Example 2.9. The adjoint representation o/g in itself given by x.y = ad{x){y) = [x,y] can be extended by 
derivations to a representation in U{q), which is called the adjoint representation o/g in U{g). We shall denote 
this representation by W(g)'^'^ and the structure morphism by ad. More generally, if i is an ideal of q, then it 
is a subrepresentation of the adjoint representation of g in itself, and it can also be extended by derivations to a 
representation of q in U{t), which is also called the adjoint representation o/g in U{1). 

The following lemma is the super version of IIDix96l , Lemma 2.2.22 and will be needed later. The 
proof is similar to the nonsuper case, but we provide it because of the signs, which come from the use 
of the Koszul's sign rule. 

Lemma 2.10 (c/. ||Dix96l , Lemma 2.2.22). Let I be an ideal of a super Lie algebra g and define 5 = ado a, where 
a denotes the principal antiautomorphism ofhl{g) and ad : W(g) — )■ End{U(fi)) is the structure morphism of the 
adjoint representation of q in U{t). For p > 0, consider yi, ■ ■ ■ ,yp & Q and z &U{1) homogeneous elements and 
ni, . . . ,np £ N, then 

zyl- ...y;^^ ^ (_1)CV,.;:X(^) . . . hAy^-- . . .y™.5(y5'-™i . . . y^^-"^)(z), (2.1) 



where 



Proof. We proceed by induction on p. The previous identity clearly holds for p = 0. Let us assume that 
it is true for p — 1, and we shall prove it for p. This implies that it holds for p and ni = 0. By induction 
again, we suppose that l|2.1t holds for p and ni — 1 (and arbitrary n2, ■ ■ ■ , Up), and we will prove it for 
111. Since zyi = (— l)l-ll^il (yiz + 6{yi){z)), we obtain that 

zy-' . . . ={-lp\^'\yiz + S{yi){z))y-'-^ . . . y^" 



yp^5{y-'-^^-\..y;--^-)[z) 



< mi < ; 
2 < i < p 



+ (-1)" E (-i)^"i"'-r(^-)(^";^^^j ...(^;^;Jyr...yr%r^-'"^-^..yp^''"'')(%i)W) 

< m~ < 
2 < i < p 

El (2)/ ^11 / 1 mi rup^i n-, —m-, rip—nip^, s 
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with 77 = |2/i||2| + |yi|((ni -l)|?/i|+^^^2 '^dyiD- We remark that we have used the inductive assumption 
in the third member, and the identities 




in the last member. □ 



A subrepresentation of a representation F is a subspace W of the super vector space V such that 
p{x){w) e W, for all w e and all x e g. It is clear that any nonzero representation V has at least two 
different subrepresentations: V and 0, which are called trivial. We shall say that a representation V is ir- 
reducible or simple if its only subrepresentations are trivial. We remark that an irreducible representation 
of the super Lie algebra q, or equivalently of the super algebra U (g), may have nontrivial subspaces of 
the underlying vector space of V which are invariant under the action of g. 

Proposition 2.11 (cf. ||Dix96l , Prop. 2.6.5). Let V be a g-representation. Then the following are equivalent 

(i) V is simple. 

(ii) V is simple and every Q-linear endomorphism ofV is given by the multiplication by a scalar in k. 

(Hi) V ^ and, for any set of homogeneous elements xi, . . . ,Xn,yi, ■ . ■ ,yn G V satisfying that Xi € Vb and 
Vi G Va for fixed a,b e Z/2Z and for all i — 1,. . . ,n, and xi,. . . , x„ linearly independent over k, there 
exists a homogeneous z e Z^(g) such that zxi = yi,for all i = 1, . . . ,n. 

Proof. The implication {Hi) ^ (i) (and also (ii) (i)) is trivial. On the other hand, the implication 
(ii) {Hi) follows from the Density Theorem for graded rings {cf. ||Rac98l , Lemma 2, and IIELS04I , 
Thm. L3). Finally, the implication {i) {ii) can be proved following the lines of the classical proof 
given by D. Quillen in |Qui69| , Thm. 1. We first note that the Generic Flatness Lemma holds by trivial 
reasons in a little more general context: 

Lemma 2.12. Let A be a finitely generated commutative k-algebra, which is also domain, and let B be an A- 
algebra, i.e. we assume that there is a morphism of algebras A — > Z{B). We suppose further that Z{B) is 
a finitely generated A-algebra, under the previous morphism, and that B is a finitely generated Z{B)-module. 
Hence, if N is a finitely generated B-module, there exists a € A such that Aa <Sia N is free over the localization 
Aa of A at the element a. 

Proof. As stated before, the proof follows from the Generic Flatness Lemma (see IIGro63l , 60-61, Expose 
IV, Lemme 6.7) applied to the y4-algebra Z{B), because any finitely generated i?-module N is also 
finitely generated when considered as a Z(i?)-module due to the assumption on B. □ 

The result now follows using the same argument given in the proof of the first theorem in |Qui69| [ {cf. 
also IIDix96l , Lemma 2.6.4), which we repeat just for convenience. It suffices to prove that every nonzero 
element G End;^(g) {V) is algebraic over k. Since V is simple, is an isomorphism. Set A = k[6], which 
is a finitely generated commutative domain, for 6 is an (even) isomorphism of the simple module V . It 
is a super algebra with trivial odd homogeneous component. We suppose that is not algebraic over k, 
so A is a polynomial algebra. So, V has the structure of a module over the tensor product super algebra 
A®U{q). 

Consider now Zi(g) provided with the canonical filtration F'U{q), whose associated graded algebra 
is S* (go ) ® Ag 1 . Set v ^Vhea nonzero element, and define an exhaustive filtration F'V or\V compatible 
with the one of the enveloping algebra given by = AF'U{q)v. Taking into account that grp.y(y) is 
a finitely generated module over the algebra B = A® gTp.u(^g^{U{g)), which satisfies the hypotheses of 
Lemma [2. 121 there exists a e k[6] such that gi-p.y{V)a is free over k[9]a. The module Va over Aa (E)l{{g) 
is also provided with a compatible exhaustive filtration of the form F'Va = {F*V)a. The exactness 
of localization tells us that grp.y{V)a — gr^^^.y^ (Vq) is a free Aa-module. Since Aa is principal, each 
component F^Va/ FP~^Va is free over Aa, because it is finitely generated without torsion, and the fact 
that the filtration is bounded below and exhaustive yields that Va is also a free Aa-module. 
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Consider a' & A such that a' does not divide any power of a, so the multiplication by a' induces 
a nonsurjective morphism of A-modules on Aa- Hence, the endomorphism of -modules of Va — 
V (^A Aa given by w (25 a" w €5 a' a" = a'{v) (g) a" is not surjective. On the other hand, since V is 
a module over the division ring HonijY(g)(V, V), the map v i-> a'{v) is an isomorphism, which gives a 
contradiction, and proves the claim. □ 

Given a subalgebra f) of a super Lie algebra g and a representation W of [), the representation of g 
induced by W, denoted by ind(VK, g), is given by U{q) ®u(h) W with the left action given by the regular 
action of g on W(g). It is clear that, given any g-representation V , there is a canonical isomorphism 

Hom^ {W, V) ~ Homg (iiid(W^, q),V), (2.2) 

where in the first morphism space we regard V as an ^-representation coming from the inclusion t) C g. 
The fact that W(g) is free over U{^) tells us that W is simple if ind(M^, g) is simple. 

We recall that, given a representation V of g, the annihilator of a subspace W (resp. a subset W of 
homogeneous elements) of the imderlying super vector space of V is the left ideal of U{q) formed by 
the elements x e W(g) such that xw = 0, for all w e W . 

Proposition 2.13. Let \]he a subalgebra of a super Lie algebra g and let W be a representation of fj given by 
p : t{{f)) — > £nd{W). Set V ~ ind(M^, g) the representation of % induced by W and J = ker(p). Then, 

(i) The annihilator ofW in U{q) is the left ideal U{q)J. 

(ii) The kernel of the induced structure morphism tt :U{q) — )- End{y) is the largest two-sided ideal ofU{g) 
contained in U{q)J. 

Proof. The proof given in ||Dix96l , Prop. 5.1.7, works word for word. □ 

The following two results are easy but we state them just for clarity. 

Lemma 2.14. Let A e Honi(g, k) be afunctional ofQ such that A([g, g]) =0. It determines two one- dimensional 
representations of q of the form F\^g^i = k.v\^^^i with \vx,^^i\ = i, for i e Z/2Z. The action is given by 
x.vx^g^i = X{x)v\_g^i,for all x G q, and the structure morphism will also be donted by X. Then, the kernel of the 
induced structure morphism U{q) — >■ k coincides with the left (resp. right, two-sided) ideal ofU{Q) generated by 
the set {z — \{z)},for all homogeneous elements z € g. 

Proof. The proof given in ||Dix96l , Lemma 5.1.8, applies as well to this case. □ 



Proposition 2.15. Let t) be a subalgebra of a super Lie algebra g and let W be a representation of t) given by 
p : £nd{W). Suppose further that W has a (homogeneous) generator w as an U{l))-module. Set 

V = ind(lK, g) the representation of q induced by W, and L the annihilator ofw inU{\]). Then, 

(i) The map from U{q) to V given by u ^ uw, for u e U{q) is surjective of kernel U{q)L, so it induces an 
isomorphism of the form hl{g)/{U{Q) L) ~ W. 

(ii) IfW is one-dimensional, so the structure morphism can be written as p ■.U{\]) — > k, thenU{Q)L is the left 
ideal ofU{Q) generated by the set {z — \{z)},for all homogeneous elements z 

Proof. The proof given in ||Dix96l , Prop. 5.1.8, works word for word, replacing the use of llDix96l , 
Lemma 5.1.9, by the previous lemma. □ 

The next result will be used in the sequel. 

Proposition 2.16. Let \)be a subalgebra of a super Lie algebra g, t an ideal of q contained in ^ and W a repre- 
sentation of\] given by p : U{1)) £nd{W) such that p{[q, t]) = 0. Let V — ind(l^, g) be the representation of 
g induced by W with structure morphism tt : U{q) — >■ £nd{V). Then the ^-representation on V given by 7r|t is a 
direct sum of copies of the ^-representation on W given by p\i. 
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Proof. The proof follows the lines of that in llDix96l , Prop. 5.1.13, but with some changes. One first 
proves that, given p € No and homogeneous elements yet and xi, . . . ,Xp e g, we have that 



yxi 



This is done by induction on p. It is obvious for p ~ 0. Let us suppose that it holds for p — 1, and 
consider 

yxi...Xp = (-l)l^ill''la;iya;2 ...Xp + ly, Xi]x2 - .-Xp 

e (_l)|y|(kil+-+l-pl)3.^ . . . Xp2/ + xiU{b)[9, «] 

C . ..Xpy + U{Q)[g,i], 

which establishes the claim. 

Now, if we consider homogeneous elements y e t, u e l^is) and w G W, the previous result tells us 
that yu = ^ ^i^i' ^ ^(fl) ^-i ^ [fli This yields that 

for /9([0, t]) = 0. If we consider a homogeneous basis {zj}jeJ of U{q) over Z^(fi), we have that the t- 
representation on V given by 7r|( is a direct sum of the {-representations k.Zj® W , where Tr{y){zj ®w) = 
[—\)\'^i\\y\zj® p{y)w. It is clear that k.Zj ®W is isomorphic to W if Zj is even and to if Zj is odd, where 
denotes the {-representation on W with structure morphism p o E. Finally, we note that the map of 
super vector spaces W — > given by w^ + wi i— > wo — wi is an isomorphism of {-representations. The 
proposition is thus proved. □ 

We recall that a Lie algebra is called algebraic if it is the Lie algebra of an algebraic group. Also, given 
00 a finite dimensional Lie algebra, the set of automorphisms Aut(go) of the Lie algebra go is a linear 
algebraic group with (algebraic) Lie algebra Dcr(0o) (see IITY05I , Prop. 24.3.7). The algebraic action of 
Aut(go) on itself by conjugation induces a morphism of algebraic groups Ad ; Aut(0o) GL(Dcr(go)) 
(see [TY05J, 23.5.2). Let aOo be the smallest algebraic subalgebra of the Lie algebra Dcr(go) satisfying that 
InnDcr(go) C aOo. The adjoint (algebraic) group Ad^^, of go is the smallest algebraic subgroup of GL(go) (or 
Aut(go)) whose Lie algebra contains InnDcr(go), or equivalently, it is the irreducible algebraic subgroup 
of GL(0o) (or Aut(go)) with Lie algebra aOo (see 1ITY05I , 24.8.1-2). The action of Aut(0o) on Der(go) 
preserves the ideal InnDcr(0o), and thus preserves also the ideal aOo. Hence, the action of Aut(0o) on 
itself by conjugations preserves Adi^. Note that Ad{) acts naturally on go. When InnDcr(go) = aOo/ we 
will simply say that Adi^ is the adjoint group of go. The previous identity is equivalent to say that go is 
algebraic, which is satisfied for every nilpotent Lie algebra. 

The preceding paragraph can be extended to the case of algebraic super groups. Let now aO' be 
the smallest algebraic subalgebra of the Lie algebra Dcr(0)o (or 0[(g)o) satisfying that InnDcr(go) C at)', 
and let Ad' be the irreducible algebraic subgroup of Aut(g) with Lie algebra aX)' . The latter can be 
equivalently defined as the smallest algebraic subgroup of GL(go) x GL(gi) such that its Lie algebra 
contains the Lie algebra InnDcr(go) (see IITY05I , 24.8.1-2). This immediately implies that aO' = aOo and 
Ad' = Ada (see IITY05I , Prop. 28.4.5). Arguing as before, we see that the action of Aut(0) on Der(g)o 
preserves the ideal InnDer(go), and thus preserves also the ideal aOo- So, the action of Aut(g) on itself 
by conjugations preserves Ado and we also have that Ado acts naturally on g. 

Let us suppose that we further have an action of an algebraic group Hq on a super Lie algebra g by 
automorphisms of super Lie algebras, i.e. that there is a morphism of algebraic groups Hq — > Aut(g). 
It is easy to see that this action induces an action of Hq on U{g), which preserves the filtration of the 
enveloping algebra. This can be applied, to the standard action of the adjoint algebraic group Ad^ of 0o 
on given in the previous paragraph to see that it induces an action onU{Q). 

The following result will be used in the sequel. 

Proposition 2.17. Let gbe a super Lie algebra and Ado the adjoint algebraic group of qq. For every element 
a G Aut(g), denote by au the induced automorphism of the enveloping algebra U{q). For any ideal I of the 
enveloping algebra U{q) and a G Ado, we have that au{I) = I- 
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Proof. The proof given in ||Dix96L Prop. 2.4.17, applies word for word. 



□ 



2.3 On the simplicity of representations of super Lie algebras 

Let { be an ideal of a super Lie algebra g and let U he a representation of t with structure morphism 
cr : U{i) —i' £nd{U). Following ||Dix96l , the stabilizer of a in g is the subspace of the super vector space 
underlying g expanded by the homogeneous elements y ^ Q satisfying that there exists a homogeneous 
endomorphism s G £nd{U) of the same degree as y such that 

f^([y,2;]) = [s,(j{x)] 

for all homogeneous elements x E t, and where we remark that [s, a{x)] is the super commutator in 
End{U). It is denoted by st(cr, g) or ai{U, g). Analogously, given an ideal / of U{t) we may define the 
stabilizer of I in g, denoted by st(/, g), as the super vector space expanded by the homogeneous elements 
a; e g such that ad(a:;)(/) C / {i.e. such that a.A{x){z) e / for all homogeneous elements z e /). It is clear 
that both st(cr, g) and st(/, g) are subalgebras of g containing t. Moreover, it is easy to see that if t is an 
ideal of a super Lie algebra g, ?7 a representation of t such that its structure morphism a :U{t) £nd{U) 
has kernel /, then st(cr, g) C st(/, g) (c/. |Dix96J, Prop. 5.3.3). 

Lemma 2.18. Let { be an ideal of a super Lie algebra q,U a simple representation oft with structure morphism 
a : U{V) £nd{U), f) = st((T, g), p : U{\)) £nd{W) a representation of i) such that the t-representation 
on W given by p\{ is a direct sum of copies of the ^-representation on U given by a, and let V be the induced 
representation md{W, g) zvith structure morphism n. Let Vn be the super vector space expanded by the classes of 
X (8 w,for homogeneous elements x e F''^U{q) and w eW. It is an exhaustive increasing filtration of the super 
vector space V. Given n G N and t <EVn \ {0}, there exists z e U{t) such that zt e Vn~i \ {0}. 

Proof. The proof follows the pattern for the nonsuper case given in ||Dix96L Prop. 5.3.5, but since there 
are several differences we give it. 

Let {xi, . . .Xm} be a homogeneous basis of a complement of f) in g and write * = X]|n|<p ^^®u{i)) ^^n/ 
where 5" = x"^ . . .xj^^™ and Wn E W. If Wfj = for all n such that \h\ ~ '^j = P' there is 

nothing to prove. It suffices thus to prove the lemma for the case that there exists some uq with |no| = p 
such that Wn„ does not vanish. We may suppose that the homogeneous element t further satisfies that 
t = J2\n\=p ^" ^u(t\) ^n, where all nonvanishrng Wn E W are homogeneous of the same degree. This can 
be proved as follows. First, since U{i) preserves the filtration defined on V, we may ignore the terms 
indexed by h with \h\ < p. Second, if we write t = t'^ + t^, where is the sum of the terms a:" <8iw(f)) ''^n 
such that \wn \ = i, for i e Z/2Z, then the fact that the action of U{t) preserves the filtration defined on 
V implies that we may proceed stepwise, as we wanted to prove. 

Since W can be written as a direct sum Qx^aWx, for Wx a ^-representation isomorphic to U, let 
Cx ■ W U he the imique epimorphism of t-modules with kernel (Bx'^xWx' ■ Choose a nonzero 
homogeneous element u E U of the same parity as Wng- By Proposition 12 . 1 1 [ there exists an even 
element z e U{t) and elements Ca,i«s <= k such that z(x{wn) ~ S,x.Wf,u, for all A and n. Lemma |2 . 1 1 tells 
us that zt = J2\n\=p^^ -^""^n (mod. Vp-i), so by changing t by zt, we can further assume that t 

satisfies that Cxi^n) — ^x.nu, for some ^x.n G k, and that there exists Ao such that Cao.bo 0- 

Choose io G {1, . . . , m} such that no = («o,ii • • ■ 7 "-o,m) satisfies that ?io,ig ^ 0, and define Uq = 
no — ei„, where Cig is the vector of N™ which has 1 in the io-th place and zero elsewhere. Given a 
homogeneous element z £ U{t), Lemma [2 . 1 1 yields that 

m 

\n\=p J = l |fi|=p 

(2.3) 

Suppose now that the statement of the lemma does not hold, i.e. that n Vp-i — 0. If zu — 0, we get 
that zt G Vp-i and by the assumption it must vanish. Hence, we conclude that the component coming 
from x^a in | |2.3| | is given by 

m 
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By applying Caq to this equality we obtain 

i=i 

which can be rewritten as [y,z]u = 0, for y = ^™ ^(-l)l^^l(l^l+5:.>, "o,J^.I)(^^^^. 1)^^^ e g. It 

is direct to see that, if j/ = yo + yi is the decomposition of y in homogeneous elements, the previous 
vanishing identity is equivalent to [yi,z]u = 0, for i <E Z/2Z. Define j/q = yo, y[ = (— and 
y' = j/q + y'l . Moreover, the homogeneous component y" of y' of degree | does not belong to t) since 
^Ao^no 7^ and it does not depend on z. 

Let us define s e End(?7) given by s{zu) ~ \y" ,z\u, for z € We recall that the degree of s 

coincides with the degree of y" . It is well-defined by the previous considerations. Given homogeneous 
elements z and x e fi, we obtain that 

[s,x]{zu) = s{xzu) - (-l)l'*ll^la;s(zM) = [y",xz]u - (-1)'" ^^""^ x[y" , z]u = [y",x]zu, 

which means that y" e I), that is a contradiction. The lemma is thus proved. □ 

Theorem 2.19. Let 6 be an ideal of a super Lie algebra g,U a simple representation of I with structure morphism 
a : U[t) — >■ £nd{U), f) = st((T, q), and p : U{1)) — > £nd{W) a representation of\) such that the ^-representation 
on W given by p|{ is a direct sum of copies of the ^-representation on U given by a. Then the induced representa- 
tion ind(M^, q) is simple. 

Proof. The proof for the nonsuper case in ||Dix96l , Thm. 5.3.6, works word for word in this case, 
replacing the use of ||Dix96l , Lemma 5.3.5 by Lemma [2. 181 □ 



3 Polarizations 

The aim of this section is to prove that polarizations exist for solvable super Lie algebras. In order to 
do so, we first provide some easy results on bilinear forms on super vector spaces. Then, we recall the 
basic facts on polarizations of Lie algebras. Finally, we will recall some of the ideas of A. Sergeev used to 
study irreducible finite dimensional representations of solvable super Lie algebras. As a consequence, 
we shall derive that all solvable super Lie algebras have polarizations. We would like to remark that M. 
Duflo has proved this result using a different idea (c/. IIBBB07I ). 

3.1 Bilinear forms on super vector spaces 

Let F be a super vector space provided with an even bilinear form {,), i.e. a morphism of super vector 
spaces ( , ) : V (E)V ^ k. We remark that the homogeneity of the map ( , ) is equivalent to the fact that 
{v,w) = 0, for all V, w e V of different parity. We suppose moreover that ( , ) is either superantisymmetric 
or supersymmetric, i.e. {v,w) = — (—l)!"!!™! (it;, u), or = (— u), for all w,u) G F homo- 

geneous, respectively. Furthermore, we see that an even superantisymmetric (resp. supersymmetric) 
bilinear form on V is equivalent to give an antisymmetric (resp. symmetric) bilinear form on Vq and 
a symmetric (resp. antisymmetric) bilinear form on Vi. From now on, all bilinear forms will be even 
unless otherwise stated. 

Let be a subspace of V. It is easy to prove that 

sdini(H/) +sdim(W^-L<.>) sdini(V") + sdini(W^ n F"^'-' ), 

where W^(-'> denotes the subspace of V perpendicular to W with respect to the form ( , ): 

VF^<'> = {v eV : {v,w) = 0}. 

We remark that M^-^< .> = "° From now on, unless it is necessary to specify the super 

vector space and its form ( , ), we denote the perpendicular space to a subspace W only hy W^. The 
subspace V-^ of the super vector space V provided with ( , ) is called the kernel of the bilinear form. 
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We recall that W C V is called totally isotropic if W C W^. Moreover, a totally isotropic subspace 

C 1/ is maximal totally isotropic if it is maximal in the set of totally isotropic subspaces of the super 
vector space V with respect to the inclusion. We note that this implies that W C , but it does not 
necessarily yield that W = . All the previous definitions specialize to the usual ones for a vector 
space V with subspace W if we consider F as a super vector space with V\ = 0. 

It is easy to see that a subspace of a super vector space V provided with a superantisymmetric 
or supersymmetric bilinear form ( , ) is (maximal) totally isotropic if and only if each Wi is a (maximal) 
totally isotropic subspace of the vector space Vi provided with ( , for i G TLjTL. This implies that 
we may thus restrict to the study of symmetric and antisymmetric forms on vector spaces. 

If is a vector space provided with an antisymmetric bilinear form and is a totally isotropic 
subspace then the following conditions are equivalent (see llDix96l , 1.12.1): 

• is maximal in the set of totally isotropic subspaces with respect to the inclusion, 

• dim(VF) = (dini(F) +dim(\/^))/2, 

• w ^W^. 

On the other hand, let us assume that 1/ is a vector space with a symmetric bilinear form. Taking the 
quotient by , we may then restrict to the situation where the form is nondegenerate. In this case, 
a totally isotropic subspace of F is maximal totally isotropic if and only iiW = , for dini(V^) 
even, and dim(VF) = dini(VF^) — 1, for dini(\^) odd. Hence, for a vector space V with an antisymmetric 
or symmetric bilinear form, the dimensions of all maximal totally isotropic subspaces coincide. In 
consequence, the super dimensions of all maximal totally isotropic subspaces of a super vector space 
coincide. 

3.2 Polarizations of Lie algebras 

Let us first state the standard results about polarizations of plain Lie algebras. 

A subalgebra f)o of a Lie algebra go is said to be subordinate to a functional Ao £ flo if '^o([flo, f)o]) = 
(c/. IIDix96l , 1.12.7). Equivalently, f)o is a totally isotropic subspace of go provided with the alternating 
bilinear form given v ® w i— )■ Ao([w,u>]). Moreover, we say that f)o is a polarization of go at Ao 
if it is a subalgebra of go and it is a maximal totally isotropic subspace of the vector space underlying 
go provided with A\^^ {cf. IIDix96l , 1.12.8). By the previous subsection, if g^" denotes the kernel of A\„, 
to be a maximally totally isotropic subspace is the same as to be totally isotropic and of dimension 
(dim(0o) + dim(g^«))/2. 

Proposition 1.12.10 in IIDix96l implies that, given any linear functional Ao on any solvable Lie alge- 
bra go/ a polarization of go at Ao always exists (we remark that one requires the assumption that k is 
algebraically closed). 

Remark 3.1. We point out the easy fact that ifio is an ideal of a Lie algebra go on which afunctional Ao G Qq 
vanishes, then should be included in every polarization of qq Aq. Indeed, ff f)o a polarization at Ao, then 
f)o + £o also a subordinate subalgebra of \q. The maximality of\)o implies that Jo ^ f^o- 

3.3 Polarizations of super Lie algebras in the sense of Sergeev 

We shall now recall some definitions and facts from the work of Sergeev. 

Let g be a solvable super Lie algebra. Define ig to be the vector space of functionals given by 
the elements A G Hom(g,fc) such that A([go,go]) = 0. We remark that the condition A £ Hom(g, fc) 
is equivalent to say that A : g — > fc is a fc-linear map between the underlying vector spaces such that 
A(gi) = 0. Analogously to the case of Lie algebras, a fimctional as before determines a symmetric 
bilinear form Bx : qi iS5 qi ^ k given by B\{x, y) — A([x, y]). A polarization in the sense of Sergeev of g at 
A e is a subalgebra f) of g such that f)o — go and f)i is a maximal totally isotropic subspace for the 
symmetric bilinear form B\. 

Remark 3.2. Note that, if t) is a subspace of the super vector space underlying the super Lie algebra g such that 
ho = go/ ihen f) is a subalgebra of q if and only if\]i is a ga-submodule o/gi. 
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Lemma 3.3 ( IISer99l , Lemma 2.4). Let go be a solvable Lie algebra and V be a finite dimensional QQ-module 
provided with a go-invariant symmetric bilinear form. Given W a Q^-submodide ofV, which is totally isotropic 
with respect to the bilinear form, then there exists a Qo-submodule of V which is a maximal totally isotropic 
subspace containing W. 

The previous result applied to the case V = gi and W ^ (and taking into account Remark 13. 2t 
implies: 

Lemma 3.4 ( ||Ser99l , Lemma 1.1). Let g be a solvable super Lie algebra. Given any A € ig, there exists a 
polarization in the sense ofSergeev of g at A. 

3.4 Polarizations of super Lie algebras 

Let us define Cq to be the vector space of fimctionals given by the elements A G Hom(5, k). Notice 
that Lg C £g . Given A e C^, it defines a superantisymmetric bilinear form ( , ) ^ on g by the formula 
(x, y) — A([a;, y\), for x, y <E g, so a fortiori an antisymmetric bilinear form Ax on go and a symmetric 
bilinear form B\ on gi. Denote by g^ the kernel of {,)x> which is a subalgebra of g. 

V. Kac in ||Kac77| , p. 83, has defined a subalgebra f) of g to be subordinate to A if A([[), [)]) = and 
f) D g^. We define a polarization of g at A e £j, to be a subordinate subalgebra f) of g such that it is a 
maximal totally isotropic subspace of the super vector space g with respect to the bilinear form {,)x- By 
the considerations given in Subsection 13. II we see that f)o should be a polarization of the Lie algebra go 
at A|g„ and the super dimension of all polarizations at A coincide. 

We recall from Lemma r2.14l that A defines two one-dimensional [)-representations i^A,ii,j ~ k.vx,t),i 
with |uA,fi,i| = i, for i E Z/2Z, with action given by x.vx,i),i = X{x)vx.f,.i, for all x E i). The structure 
morphism of this representation is also denoted by A | [, . 

Remark 3.5. If the super Lie algebra g is just a Lie algebra, this definition obviously coincides with the classical 
one given on Subsection \3.2\ On the other hand, if X e L^, a subalgebra f) C g fs a polarization at A if and only if 
it is a polarization in the sense ofSergeev at A. This tells us that the new definition of polarization is an extension 
of the previous ones. 

Proposition 3.6. Let gbea solvable super Lie algebra. Every functional A G £g has a polarization at A. 

Proof. Let V C gi be a go-submodule such that it is maximal totally isotropic with respect to the 
symmetric bilinear form Bx . Such a submodule exists due to Lemma 13.31 Now, consider the super 
commutator \V, V] C go. It is easy verified that [y, V] is a Lie ideal of the Lie algebra go. Since go is a 
solvable Lie algebra by Proposition [231 there should exist a polarization p of go at A| gj, . By definition of 
V, we have that \{\V, V]) = Q, and so, by Remark |3]T] the Lie ideal \V, V] of go should be included in any 
polarization of go at A|g„, and in particular [V, V] C p. Since is a go-submodule of gi, it is a fortiori also 
an p-submodule. This implies that the subspace !} of g defined as ()o = p and [)i = ^ is a subalgebra of 
g. By construction, [)i is a maximal totally isotropic subspace of g^ provided with ( , )|g., for i G Z/2Z. 
Hence, f) is a polarization of g at A. □ 

Remark 3.7. Note that Remark \3l] also extends to this situation: if I is an ideal of a super Lie algebra g on which 
afunctional A G £g vanishes, then t is included in every polarization of g at A. The proof given there extends to 
this case word for word. In fact, the previous proof does not need that A vanishes on t, only that it vanishes on 

The following is a result of M. Duflo. We reproduce his proof because it does not seem to appear 
elsewhere. 

Lemma 3.8 (c/. IIBBB07I , Cor. 5.2). Let gbea solvable super Lie algebra and V be a finite dimensional g-module 
provided with a g-invariant even superantisymmetric or supersymmetric bilinear form. Given W a g-submodule 
of V, which is totally isotropic with respect to the bilinear form, there exists a g-submodule of V which is a 
maximal totally isotropic subspace and contains W. 

Proof. Without loss of generality, let us suppose that the bilinear form B on y is superantisymmetric. 
If B is supersymmetric then, we may consider liV instead of V . Moreover, taking V/W instead of V , 
we may assume that = 0. 
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Define the super vector space i) ~ Vq (B Vi (B k.z, where we regard the homogeneous elements of V 
with the same degree as in V and z in even degree. It is easy to see that t) is a super Lie algebra if we 
define [v, v'] = B{v,v')z, for all v,v' G V, and we declare z to be supercentral. Furthermore, the action 
of g on y extends to an action on f) by derivations, if g.z = 0, so we may consider the super Lie algebra 
given by the semidirect product g k f), and since z is even, the functional A given by Ajggy = and 
A(z) — 1 belongs to C^^h- Since the semidirect product of solvable super Lie algebras is also solvable, 
we see that g k t) is solvable. Finally, it is clear that the polarizations of g k f) at A are in bijection (taking 
the intersection with V) with the g-modules of the statement. □ 

Remark 3.9. We may apply the lemma to the following situations: 

(i) Given an ideal t of a solvable super Lie algebra g, and afunctional A G Ct, then the previous residt (for the 
Q-invariant superantisymmetric even bilinear form {,)^oni) implies that there exist a polarization oft- at 
A that is invariant under g. 

(ii) More generally, given solvable super Lie algebras f) and ? such that [) acts by derivations on t, and a 
functional A S £{, consider the super Lie algebra given by the semidirect product g = f) tx J, which 
is obviously solvable. Since f seen inside of g is an ideal, the previous item implies that there exists a 
polarization oft at A invariant under the action oftj (cf. ||Dix96L Prop. 1.12.10, (Hi)). 

4 The Dixmier map for nilpotent super Lie algebras 

We are now in position to prove the main results stated at the beginning of the introduction. 

4.1 The main theorems 

We first recall the following result. 

Lemma 4.1 ( IIBM90I , Lemmas 1.10 and 2.2). Let q be a nilpotent super Lie algebra with super center 3 = 
kz 7^ g, where z is even. Then, there exist elements x, y e g homogeneous of the same parity and an ideal t of 
codimension one in g such that 

(i) [y,x]= z, 

(ii) t is the super centralizer ofy in g and y G Z{q/^), 
(Hi) g^t®kx. 

Moreover, if the super center of q/i consists only of odd elements (so any x and y as before should be odd), then 
either of the following holds 

(1) Q = kz® ky, with [y, y] = z (i.e. x = y), 

(2) there exists y such that (i), (ii) and (Hi) hold and [y, y] = 0. 

Lemma 4.2. A nilpotent super Lie algebra g of super dimension (1, 1) is isomorphic to one of the following: 

(i) g is super commutative, 

(ii) Q~kz® kc, with \z\ = 0, |c| — 1, z £ Z{g) and [c, c] — z. 

Proof. Let us suppose that g = kz (B kc, with \z\ — 0, |c| = 1. By Corollary l2.7i z must be supercentral. 
Then, the possibilities {i) and {ii) are equivalent to [c, c] = or [c, c] ^ 0, and the lemma follows. □ 

The following lemma will be useful when dealing with polarizations in an inductive process. 

Lemma 4.3. Let gbe a super Lie algebra with super center ^ ~ kz ^ q, where z is even, and let x,y G gbe 
homogeneous of the same parity and t be an ideal of codimension one in g satisfying the properties (i), (ii), (Hi) 
and (2) stated in Lemma Wl] Given A G £(, such that A(z) = 1, define A' = A|{ G £{. Then, if\] is a polarization 
oft at A', it is also a polarization of q at A. 
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Proof. It is obvious that f) is subordinate to A. The (unique) case with dini(0) = 2 is also clear, so 
we will suppose that dim(0) > 2, and prove that f) is maximal totally isotropic, i.e. that if w e g is a 
homogeneous element satisfying that A([w, f)]) = 0, then w e f). By Remark |3 . 71 and the fact that ky is an 
ideal of the super Lie algebra I, we see that y ^ ^. Thus, the assumption that \{[v, f)]) = yields that 
A([u, y]) = 0. Using that y e Z{q/Z{q)) (so [Q,y] = kz) and A(z) = 1, we conclude that the previous 
vanishing identity is equivalent to [u, y] = 0, i.e. v ^t, which in turn implies that w € f). □ 

Remark 4.4. Note that we can further suppose in the lemma that \{y) = O,for X{y) = Oif \y\ = 1, and we may 
change y by y — X{y)z when y is even. 

Using the lemma we can prove the result: 

Theorem 4.5. Let gbea nilpotent super Lie algebra, and X £ C^be afunctional. Then there exists a polarization 
f) o/g at X such that the induced module md{Fx,t,,i,g) is simple, for i g Z/2Z. It may be even assumed that f) is 
invariant under the action ofg. 

Proof. The proof is a variation of that given in IIDix96L Thm. 6.1.1, but we avoid the use of the so-called 
standard polarizations. 

We first note that if the super Lie algebra is of dimension at most 2 and concentrated in one degree, 
i.e. g = 00 or g = gi, then the theorem is immediate: in both cases there is only one polarization t) = g, 
so ind(i^A,[),i, g) is one-dimensional and the statement also holds. 

We shall now proceed to prove the theorem by induction on the dimension of the underlying vector 
space of g. If dim(g) = 1 the result follows from the previous considerations. If dini(g) = 2, the only 
case that does not follow from the previous paragraph is when dim(go) ~ dim(gi) = 1. Let us suppose 
that go = k.z and gi = k.c. By Lemma [4.21 we see that, up to isomorphism, we have two possibilities: 
[c, c] = or [c, c] = z. Either if we consider the first case for arbitrary A or the second case for A = 0, 
there is a unique polarization [) = g, so the theorem holds, for ind(F\.i,.i, g) is one-dimensional. If we 
regard the second case with A 7^ 0, we see that X G Lg and there is a unique polarization [) = go, which 
is invariant under the action of g. The theorem also holds in this case, because it is a particular case of 
||Sct991 , Cor 3.2. 

Let us suppose that dim(g) = d > 2 and that the proposition holds for dimensions (strictly) less than 
d. By Remark l3.7i we assume there are no ideals of g such that A vanishes on them. In particular, we 
see that Z(g) n Ker(A) should be trivial. This implies that Z(g) should be one-dimensional, because g 
is nilpotent, and included in go. Let z s Z{g) be a nonzero element such that A(z) = 1. By the previous 
lemma, there exists x,y ^ q homogeneous of the same degree satisfying that [x,y] — z, [y,y] — and 
6 = C{{y}) is an ideal of g such that g = 6 ® fcx. Consider a = kzQ ky. It is clearly a supercommutative 
ideal of g. We see that t ~ st(A|a, g). 

Let us now suppose that we have a polarization f) of t at A|{ such that it is invariant under the action 
of g. Such a polarization exists by Remark 13.91 and by Remark l3.7l it must contain a. Lemma [4 . 3 1 tells us 
that f) is also a polarization of g at A. 

We have thus a polarization f) of g at A invariant under the action of g, included in t = st(A|a, g) and 
including a. By the inductive hjrpothesis W = ind(A| p, , t) is simple, with structure morphism denoted by 
p. We remark that the representation ind(A| p, , g) is obviously isomorphic to ind(VK, g). Using Proposition 
I2.16l we see that the a-representation on W given by pi a is a direct sum of copies of the a-representation 
given by A|a. Applying Theorem |2.19[ our theorem follows. □ 

The next result is a superized version of a lemma appearing in ||Dix96L whose proof applies to this 
case as well. 

Lemma 4.6. Let a be a supercommutative ideal of q with super centralizer C{a), and fj a subalgebra of the super 
Lie algebra g subordinate to X. Set ^ = (ti n a"^) + o, where a"^ = {cc g g : A([x, y]) = 0, Vy € a}. Then ^ is a 
subalgebra of q subordinate to A and \] n C(a) n ker(A) is an ideal of the super Lie algebra i] + a. 

Proof. The proof given in IIDix96l , Lemma 6.1.3, applies word for word. □ 
We also have the following theorem, whose proof is an adaptation of that in ||Dix96L Thm. 6.1.4. 
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Theorem 4.7. Let Qhea nilpotent super Lie algebra and A G Hom(g, k). Given two polarizations f) and []' o/g at 

X, let ptf^i and pf,/ j- be the structure morphisms oftheU{g)-modules ind(i^A,h,i, s) md ind(i^A,(i' j, fl) determined 
by the polarizations f) and f)' and by some Z/2Z, resp. Then, kcr(/9|,_j) = ker(p(,/,j). 

Proof. Is is easy to see that ker(p[, i) = kcr(pf,j), for all i,j e Z/2Z, so from now on we will omit the 
indices i and j. 

We first note that if g = go or g = gi, then the theorem is immediate: the first case is just the classical 
result for Lie algebras (see ||Dix96l , Thm. 6.1.4), and in the second case there is only one polarization 
t) = g, so the statement of the theorem holds in both cases. 

We shall now proceed by induction on the dimension of g. For dim(g) = 1 the result is a consequence 
of the previous considerations. If dim(g) = 2, the only case that does not follow from the previous 
paragraph is when dim(go) = dim(gi) = 1. Let us suppose that go = k.z and gi = k.c. By Lemma 
14.21 we see that, up to isomorphism, we have two possibilities: [c, c] = or [c, c] = z. Either in the 
first case for arbitrary A or in the second case for A = 0, there is a imique polarization f) = g, for which 
the theorem holds. In the second case with A 7^ 0, there is also a imique polarization [) = go, and the 
statement also follows in this case. 

Let us assume that dim(g) = d > 2 and that the statement holds for dimensions strictly less than d. 
Let f) and ()' be two polarizations of g at A. 

If there exists a nonzero ideal t such that A({) = 0, then f) and [)' include i by Remark |3. 71 Passing 
to the quotient g/t, we see that t)/i and [)'/{ are polarizations of g/t at the functional A induced by A. 
Indeed, fi/fi and f|'/t are obviously subordinate to A and maximal. The theorem follows in this case by 
inductive hypothesis. 

We thus suppose that there is no nonzero ideal of g such that A(t) = 0. Since g is nilpotent, Z{g) is 
a nonzero ideal, so dim(Z(g)) = 1, Z(g) C go and A(Z(g)) 7^ 0. Set 2(g) = k.z. By Lemma l4Tl there 
exists x,y G g homogeneous of the same degree satisfying that [x, y] = z, [y,y] =0 and t = C{{y}) is an 
ideal of g such that g = { kx. Consider a = fcz © ky. It is clearly a supercommutative ideal of g. Notice 
that 4 = st(A|a,g). 

Put^ = (fina^) + aand (1' = (f)'na^) + a. Lemmal46]tells us that h and b' are subordinate to A. Both of 
them satisfy that C t and also sdim(t)) = sdini(t)) and sdim(t)') = sdim(^'). If we restrict to {, f) and 
i)' are subalgebras subordinated to Furthermore, they are polarizations of { at A|{, because they have 
the same super dimension as f) and f)', resp. By inductive hypothesis, they satisfy that ker(ind(A|jj, ?)) = 
ker(ind(A|j^/, t)), so by Proposition |2T3j we have that kcr(ind(A|jj, g)) = ker(iiid(A| j^/ , g)). 

We must then show that ker(pj^) = ker(p(,) in order to conclude the proof. Since, if fi C 4, then fi = (1 
(because any polarization f) included in i should satisfy that a C f), for A ([a, 6]) = 0), we shall assume 
that t) ^ t. In this case, we may further suppose that x E t) (by the proof of IIBM90I , Lemma 1.10). Set 
n = fi + a. Since A([.t, y]) ~ X{z) ^ 0, we see that y ^ t). Also note that z G fi (by Remark |3?7t . We see that 
t), ^ C n are polarizations of n at A|n, because they are subordinated to A|n and of the appropriate super 
dimension. By Proposition 12.131 we see that it suffices to prove that kcr(ind(A|[,, n)) = kcr(ind(A|f,, n)). 
Since, by Lemma [4.61 f) n t n kcr(A) is an ideal in n, by inductive hjrpothesis we will suppose that the 
former is trivial. Then, dim(f) O t) < 1, so t) O i ^ Z{q), and analogously for ^. This implies that 

n = kz (B ky (B kx, 
f) = fcz © kx, 
t) = kz® ky. 

If |.t| = \y\ = 0, the statement follows from IIDix96l , Lemma 6.1.2, (iii). If |a:| = \y\ = 1, the statement 
follows from IISer99l , Lemma 1.2, 2). The theorem is thus proved. □ 

From Theorem 14.51 we see that given A e Cg, there exist a primitive ideal J(A) of U{g) given as the 
kernel of the structure morphism of the representation ind(A|f| , g), for some polarization f) of g at A. In 
fact, by Theorem l4.7l the ideal does not depend on the polarization. 

The following proposition follows from the work of Letzter and the previous theorems, and in fact 
provides a link between our point of view and his. 

Proposition 4.8. Let X £ be a functional of a nilpotent super Lie algebra g. Then, there exists a unique 
maximal ideal ofU{go) containing /(A) fM({go), md it is infact I{X\gg). 
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Proof. Let Ao € Qq be the restriction of A to go, and /(Aq) be primitive ideal of Vl{go) determined by it. 
Set t) a polarization of g at A. Then f)o is a polarization of go at Aq. If we also denote by A and Ao the 
structure morphisms of the one-dimensional representations over U{i)) and Z^(f)o) that they determine, 
respectively, we have the commutative diagram 




Z^(()o) 

If J is the kernel of A and Jo the kernel of Aq, the commutativity of the diagram says that Jo ^ J- 
Moreover, the PBW Theorem tells us that J n W(fio) = Jo and also that U{q)J n U{qo) = W(0o)^o- By 
construction, /(Ao) is the largest ideal olU{go) inside oIU{qo)Jo and the ideal /(A) is the largest ideal of 
the super algebra Z^(g) inside of Z^(0) J. Hence, /(A)nZ^(0o) C ^^(g) J n Z^(go) = (go) ^O/ which yields 
that /(A) n W(go) C /(Aq). Since, by IILet92l , Cor III, we have that /(A) n Z^(go) has a unique minimal 
prime ideal, which is a primitive ideal ofU{Qo), the previous inclusion implies that it must be /(Ao). □ 

The following result tells us that every primitive ideal is of the form /(A), for some functional A e £g 
{cf. IIDix96l , Thm. 6.1.7). 

Theorem 4.9. Let I he a primitive ideal of the enveloping algebra U{q) of a nilpotent super Lie algebra g. Then, 
there exists A e £g such that I = /(A). 

Proof. We may derive this theorem as a consequence of the work of Letzter. Since / is a primitive 
ideal of U{g), then IILet92l , Cor. Ill, yields that / n U{go) has a unique minimal prime ideal, which is 
a primitive ideal ofU{go), and this assignment is in fact a bijection. Let Ao G gjj be a linear functional 
such that /(Ao) is the previous primitive ideal of W(go), and X £ the obvious extension of Ao to g, so 
■^0 = '^Ibo- Ths previous proposition tells us that /(A) n U{go) ^ -^(^o) and, by construction, we have 
that / n Z^(go) C /(Ao). Since the map given in IILet92l , Cor III, is bijective, we conclude that / — /(A). 
The theorem is thus proved. □ 



Lemma 4.10. Let q be a nilpotent super Lie algebra with super center i ^ kz ^ q, with z even, x,y G g 
homogeneous of the same parity and { an ideal of codimension one in g satisfying the properties (i), (it) and (Hi) 
and (2) stated in Lemma WA\ Define t = i/ky, 6 the locally nilpotent derivation ofU{t) induced by ad(a;), and u 
the corresponding image element ofu£ U{1) under the canonical projection from U{t) toU(l). Then, 

(i) ifx is even, there exists a unique morphism of super algebras 0o : U{g) Ai{k) given by 

Mu) = V -^<5"(w)®'?", 

riGNo 

where u e U{i), and Ai{k) is the super algebra described in Example [L2l (i). Moreover, it induces an 
isomorphism 'ipofi'omU{g)z toU{i)z ® Ai{k). 

(ii) ifx is odd, there exists a unique morphism of super algebras 0i : U{g) W(l) ® M2{k) given by 



x,x\ 



(j)l{u) 



u 5(u) 
S(w) 



where u G U{1), and M2{k) is the super algebra described in Example \L2[ (ii). Furthermore, it induces an 
isomorphism ipi from U {g) z toU{i)z ® M2{k). 
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Moreover, given I ^ an ideal ofhl{g) such that z — 1 e /, then there exists one and only one ideal J ofU(l) 
satisfying that z — 1 e J and (j)o{Iz) = Jz® Ai{k), if x is even, or (j)i{Iz) = Js® M2{k), if x is odd. Finally, 
there is a chain of isomorphisms of super algebras 

U{g)/I ^ U{Q)Jh ^ {U{l)z/Jz) ® Aiik) ^ {U{i)/J) ® Ai{k), 

ifx is even, and 

U{q)/I ^ U{Q)Jh ^ {U(l)-z/Jz) ® M2{k) ^ {U(i)/J) ® M2{k), 

ifx is odd. 

Proof. The proof of the first statement of both items is implicit in IIBM90I , and follows the lines of 
IIDix96 1, Lemmas 4.6.6 and 4.7.8, (i), but we give it for clarity. 

||BM90|| , Lemma 1.7, tells us that there exist isomorphisms of super algebras ~ U{i))[t, id, S], for 
X even, given hy u t-^ u. Hue U{lj), and x i-^ t, and U{q) ~ Ull))[t,'E,6]/{t'^ — [x,x]/2), for x odd, 
given by u M> u, if u E and x t-^ t, where the classes here are with respect to the quotient by 

the ideal (t^ — [x, x]/2). They obviously induce isomorphisms U{q)z — Z^(f))z[t,id, 6], for x even, and 
His), ~ U{t)), [t, S, S]/{t'^ - [x, x]/2), for x odd, respectively. Furthermore, IIBM90I , Lemmas 1.4 and 1.5, 
gives explicit isomorphisms ) 2 [i, id, 6] ~U{l))z®Ai{k), for x even, andU{t})z[t, E, S]/{t'^ — [x, x]/2) ~ 
U{\))z ® M2{k), for X odd, which are just the maps V'o arid ijji in the statement, respectively. Making 
the composition of the previous morphisms with the canonical map U{q) — > U{q)z, we obtain maps 
U{q) U{[))z ® Ai{k), for X even, and U{q) U{f})z ® N'hik), for x odd, respectively. It is trivial 
to check that the images of these morphisms are in fact contained in the image of the canonical maps 
U{\\)®Ai{k) U{\])z®Ai{k) anAll(fc))®M2{k) ^ Z^(^)2(8)M2(fc), respectively, giving us the morphisms 
(f>o and 01, respectively. 

Finally, the proof of the two chain of isomorphisms on item (ii) is the same as the one given in 
IIDix96l , Lemma 4.7.8, (ii), replacing the use of IIDix96l , Proposition 3.6.15 and Lemma 4.5.1 by Proposi- 
tion [T]9]and Lemma [T31 respectively. □ 

Lemma 4.11. Let gbea super Lie algebra with super center ^ = kz ^ q, where z is even, x,y e Qbe homogeneous 
elements of the same parity and t an ideal of codimension one in q satisfying the properties (i), (ii), (Hi) and 
(2) stated in Lemma 14.21 Set 1 = t/k.y. Given A e £g satisfying that \{z) = 1 and \{y) = 0, define 
A' = A|{ G £{ and A' the functional induced by A' on 1. Then, tPq{I{X)z) = lO^')z ® Ai{k) if x is even, and 
i/)i(/(A)z) = I{\')z ® M2{k) ifx is odd. 

Proof. The proof for x even is the same as the one appearing in IIDix96l , Lemma 6.2.1, with the additional 
assumption that all elements must be homogeneous. The proof for x odd is exactly the same as in the 
even case, replacing the use of ||Dix96l , Lemma 4.7.8 and Prop. 5.1.7, by Lemma [4.10| and Proposition 
12.131 respectively, and the appearances of the Weyl algebra Ai (fc) by M2{k) and of 1 ® 9 by 1 ® ei2, and 
using that M2{k) is also a simple super algebra. □ 

The final result of this section is the following. 

Propositiort 4.12. Let Qbe a nilpotent super Lie algebra and let Ado be the adjoint group of the Lie algebra qq, 
acting on gj. Given A, A' S £g, then /(A) ^ /(A') if and only if \' and A lie in the same orbit of Qq under the 
coadjoint action of Ado. 

Proof. Even though a proof following the lines of IIDix96l , Prop. 6.2.3, is possible, we give a shorter one. 

For a e Ado, we denote by an the automorphism of U{g) induced by a. Suppose that a(A) = A'. 
Then, by transport of structures au{I{X)) ~ ^(A'), and using Proposition 12.1 71 we conclude that /(A) = 
/(A'). 

Conversely, let us assume that /(A) = /(A'). Then /(A) n U{qq) ~ I{X') n U{qo), so, by Proposition 
1481 we have that /(A|bJ = /(A'|gJ. Now, IIDix96L Prop. 6.2.3, tells us that there exist a e Ado such that 
a(A|gQ ) — A' Igo, which a fortiori yields that a(A) = A'. The proposition is thus proved. □ 



4.2 Some consequences 

We want to derive some consequences from the main theorems proved before. 
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4.2.1 Simple quotients of the enveloping algebra of a nilpotent super Lie algebra 



From Lemma [4.111 we obtain the following proposition, which is analogous to ||Dix96l , Prop. 6.2.2 
(c/. IIBM90L Thm. A). 

Proposition 4.13. Let gbe a nilpotent super Lie algebra and A e £g. The primitive ideal /(A) satisfies that 
U{q)/I{X) ~ Cliff,(fc) ® Ap{k), where {p,q) = (dini(0o/0o)/2, dim(gi/0^)) and = (0o,0i) is the kernel 
of the superantisymmetric bilinear form {,)^ determined by A on q. 

Proof. We first remark that if g = go or g = gi, then the proposition is immediate. Indeed, the first case 
is just the classical result for Lie algebras (see ||Dix96l , Prop. 6.2.2). In the second case, g'^ = g and U (g) 
is a supersymmetric super algebra with a unique maximal ideal / whose quotient is k. 

We shall now proceed by induction on the dimension of g. If dim(g) = 1, the result follows from 
the previous considerations. In case dim(g) = 2, the only case that does not follow from the previous 
paragraph is when dim(go) = dim(gi) — 1. Let us suppose that go = k.z and gi = k.c. By Lemma [4.21 
we have two possibilities up to isomorphism: [c, c] = or [c, c] = z. It is not difficult to prove that, either 
if we consider the first case for arbitrary A or the second case for A = 0, g'*' = g, so the theorem holds, 
for ind(Fx.(,.i, g) is one-dimensional. If we regard the second case with A 7^ 0, we see that g^ = go. It can 
be easily checked that the annihilator is the ideal generated by z — 1, whose quotient is Cliff 1 (/c), so the 
statement also holds in this case (c/. IIBM90L 0.2, (b)). 

Let us suppose that dim(g) > 2 and let 3 denote the super center of g. We denote /(A) simply by / 
and consider [) a polarization of g at A such that ind(A| (, , g) is simple. 

If / n 3 7^ 0, then A(/ n 3) = and / n 3 C f), so we may consider A G ^^Q/(ir\j) induced by A. It is easy 
to see that \) = ()/(/n3) is a polarization at A and that ind(A|j^, g/ (/n3)) is a simple ZY(g/ (/n3))-module. 
Moreover, the image of / under the projection map U{g) — > Z^(g/ (/ H 3)) coincides with the kernel / of 
the structure morphism of ind(A|jj, g/(/n3)), thus W(g)// ~ U{q/ (I H^))/ 1. It is also clear that g^ I) 103, 
so (g/(/ n 3))^ = g^/{I n 3) and (g/(/ n 3))/(g/(/ n 3))^ = g/g-^. Then, the statement follows from the 
inductive hypothesis. 

Let us now assume that / n 3 = 0, which tells us that dim(3) = 1. Suppose that 3 = fcz 7^ g, where z 
is even, and consider x,y G g be homogeneous of the same parity and t an ideal of codimension one in 
g satisfying the properties (i), (ii), (iii) and (2) stated in Lemma 1411 such that X{z) = 1 and X{y) = 0, so 
z — 1 € I. Set 1 = i/k.y and define A' = A|{ S Ct and A' the functional induced by A' on f. It is direct 
to check that g^ C J and moreover sdini(P') = sdim(g^). By Lemma Oil ^q(I{\)z) = I{X')z <8) Ai{k) 
if X is even, and ipi{I{X)z) = ^(A')z 18) M2(fc) if x is odd. The corollary thus follows from the inductive 
assumption and Lemma |4. 101 □ 

4.2.2 Maximal ideals of the underlying algebra of the enveloping algebra of a nilpotent super Lie 
algebra 

This paragraph is devoted to obtain a "parametrization" of the maximal ideals of the underlying algebra 
of similar to the one given for maximal ideals. 

By Lemma [TTSl we know that, for every maximal ideal / of a super algebra A, the set of minimal prime 
ideals J of the imder lying algebra 0{A) of A such that J ^ I form an orbit under E, which a fortiori 
has at most two elements, and they are in fact maximal ideals of the imderlying algebra. Moreover, 
all the maximal ideals of 0{A) can be realized in this way, and given any J as before, we have that 

/ = Jn 

The following proposition gives us a description of the maximal ideals of the imderlying algebra of 
1{{q), more or less parallel to the one given for the construction of the ideals /(A). 

Proposition 4.14. Let gbe a nilpotent super Lie algebra, A e £g afunctional and /(A) be the corresponding 
maximal ideal of the super algebra U{q). if dim(gi/g;^) is even, then /(A) zs a maximal ideal of the underlying 
algebras ofU{Q). /f diin(gi/gj ) is odd, then /(A) is not a maximal ideal ofO{hl{g)), and there exist two maximal 
ideals and /"(A) of the underlying algebra ofU{Q), such that I](/-(A)) = /+(A) and n /"(A) = 

/(A). Furthermore, any maximal ideal containing /(A) is one of these, and all the maximal ideals ofO{lJ{g)) can 
be obtained in this way. 

More explicitly, the ideals and /^(A) can be realized as follows. Given a polarization \] of q at \ 

invariant under the action of q such that ind(A|[,, g) is a simple module over the super algebra U{q), there exists 
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an element c G gi such that A([c, c]) = 2 and A([c, f)]) = 0, zvhich also satisfies that [c,c] e f). Define the 
subalgebra ^ = f) ffi fc-c o/g. T/zen f/iere exz'sfs too extensions A+ anrf A_ o/f/ze structure morphism \ ■.U{i]) k 
of the one-dimensional ^-representation given by F^.j, to morphisms of algebras \± : W(fi) k. We denote these 
modules by -Fx.h.i- ^f J the kernel of X and the kernel of X±, then U{q)J^ n U{q)J^ = U{q)J. Finally, 
/=^(A) is the largest ideal ofO{U{g)) inside ofU{Q)J^. 

Proof. By the comments previous to the proposition, we have two possibilities: either /(A) is also a 
maximal ideal of the underlying algebra of U{q), or the orbit of maximal ideals of 0{U{q)) contauirng 
/(A) has two elements J and S( J). It is easy to see that the first possibility occurs exactly if dim(gi/g^) 
is even and the second one when dim(gi/gj) is odd. This can be proved as follows {cf. [BM90|). By 
the Proposition 14.131 there is an isomorphism of super algebras (and hence also an isomorphism of 
the underlying algebras) Z^(g)//(A) ~ Cm q{k) (S) Ap{k),v^\\ere {p,q) = (dim(go/0^)/2, dim(gi/g^)). If 
q = dim(gi/g^) is even, then Cliffy (fc) ~ M2<j/2(fc), so U{q)/I{\) is a simple algebra, which tells us that 
/(A) is a maximal ideal of the underlying algebra of U{q). On the other hand, if g = dini(gi/g^) is odd, 
then ClifFg(fc) ~ M2(<j-i)/2 [k) (g) fc[e]/(e^ — 1). Using the obvious isomorphism of algebras fc[e]/ (e^ — 1) ~ 
k X k, given by a + 6e i—> {a + b,a — b), for a,b E k, we obtain the isomorphisms of algebras Cliff (j(fc) ~ 
Af2(<i-i)/2 (fc) X i\/2(,-i)/2(fc) and, in consequence, Z^(g)//( A) ~ 7\/2(,-i)/2 (^p(fc)) x M 2{q-i)/ 2 {Ap{k)). We 
conclude that in this case /(A) is not a maximal ideal of the imderlying algebra of U (g), and any of the 
two maximal ideal J of 0{U{q)) containing /(A) satisfy that W(g)/ J ~ M2(q-i)/2 {Ap{k)). 

It q ^ dim(gi/g^) is even, /(A) is already a maximal ideal of 0{U{q)), so there is nothing to do. Let 
us assume that it is odd and we write g = 2r + 1. We denote s the dimension of dim(gj ). This implies 
that there exists a basis {yi, . . . ,yq, zi, . . . , Zg} of gi, for {zi, . . . , Zs} a basis of g^, such that the matrix of 
the symmetric bilinear form Bx on that basis is of the form 





Id, 


Orxl 


Orxs^ 


Id, 


0, xr 


Orxl 


Orxs 


Olxr 


Olxr 


2 


Olxs 


\Osxr 


Osxr 


Osxl 


Osxs / 



where 0„ixn denotes a to x 71-matrix with zero entries and Id, is the identity matrix of M,(fc). We 
even choose the previous basis in such a way that {yi, . . . , y,, zi, . . . , z,,} is the basis of f)i, where f) is a 
polarization of g at A invariant imder the action of g (cf. Remark |3.9t . Fix also {xi , . . . ,xt} a basis of go. 
Note that A([f), y^]) = 0, by construction. This implies that [yq, yq] € f). Indeed, the fact that h is invariant 
imder the action of g tells us that X{[h, [yq, yq]]) ~ X{[[h, yq],yq]) + (— l)'''' A([yg, [h, yq]]) ~ 0, for all h e I}. 
Since f) is a polarization, it must be that [yq, yq] G f), as claimed. 

Now, write c ~ yq, set () to be the subalgebra f) © fc.c of g, and consider the one-dimensional modules 
M± over the underlying algebra of ZY(f)) given by the vector space ^\,[i,± = ^-^A.h.i provided with the 
action /i.WA,h,± = '^('i)"a,[},±/ for /i G f), and c.t;A,[),± = ±t'A,[),±- A trivial computation shows that it is 
well-defined and it is in fact an extension of the one-dimensional representation of W(f)) given by A. We 
shall denote the structure morphisms of fA.[).± by A±. We remark that these modules depend on the 
choice of c, but we do not include it in the notation for simplicity. Note that A± — A ± c*, where c* = y* 
is the corresponding fimctional of the dual basis of {xi, . . . ,xt,yi, ■ ■ ■ ,yq, zi, . . . , z^}. 

We have the following commutative diagram of algebras 
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Let us denote by J the kernel of A and by the kernel of \±. We easily see that S( ) = and that 
U{\))J = J"*" n J^. Indeed, from the commutativity of the diagram, we see that J C J+ and J C 
so U{\))J C J+ n J^. Let us now suppose that z e and write z ~ u + cu' , where w, u' € Z/^(f)) are 
uniquely determined, by the PBW Theorem. Then, z belongs to J+ n if and only if 

A+(z) = A(u) + A(u') =0, 
A_(z) = A(m) - A(u') = 0. 

Hence, A(u) ~ \{u') = 0, so z e U{\))J, as we wanted to prove. This in turn yields the isomorphism 
U{[)) ®u(i]) Px,t) — Px,t),+ ffi Px,t),- of modules over the underlying algebra ofU{i}). Since U{g) is a free 
module over the algebra 0{U{i))), the fimctor U{q) (— ) is exact and preserves pull-backs, which 

tells us that ^//(g) J+ n U{q)J^ = U{q)J and that there exist an isomorphism ind(A|i,, g) ~ (W(g) '^'^(^j^-^ 

Fx,t),+) ffi (^(s) -^A.h,-) of modules over 0{U{q)). We remark that, by construction, U{l))J C 7=*=, 

which further implies that U{q)J C U{q)J^, by the PBW Theorem. 

We shall now prove the last claim. Let /^(A) be the largest ideal of 0{U{q)) inside of U{q)J^. It is 
easy to see, using an argument similar to the proof of ||Dix96l , Prop. 5.1.7, that /^(A) is the annihilator of 
the module W(g) ^a.i,.± over the algebra 0{U{q)). Hence, E(/+(A)) C /"(A) and S(/-(A)) C /+, 

which imply the equality S(/+(A)) = ^^(A). By Proposition 12. 131 we have that /(A) is the largest ideal 
of the super algebraW(g) insideW(g)J. Since /+(A)n/~ (A) is an ideal of the super algebraW(g) included 
in U{q)J+ n U{q)J- = U{q)J, then /+(A) n /" (A) C /(A). Conversely, / is an ideal of 0{U{3)) included 
in both Z^(g)J+ and W(g)J-, which yields that /(A) C /+(A)and/(A) C /-(A), so /(A) C /+(A)n/-(A), 
and thus the equality /+(A) n /"(A) = /(A) holds. 

We still have to prove that the ideals I^{X) and (A) are maximal. Since they are the annihilators 
of A/+ = ^(g) ®u{it) -^-^^11^+ ^^'^ ~ ^ (0) ^u{i)) ^-^.fi.- if suffices to show that they are simple modules 
over the underlying algebra of Zi(g). 

In order to do so, we shall first need the following easy fact. As usual, given a simple module M with 
structure morphism p over the underlying algebra of a super algebra A, we can consider the module 
over 0{A) with the same imderlying vector space but with the structure morphism defined by po E. 
If M is a simple module over the imderlying algebra 0{A), then M © has the structure of a module 
over the super algebra A. This can be proved as follows. Let m C 0{A) be a maximal left ideal of the 
imderlying algebra of A such that A/m ~ M. It is clear that ~ A/J^{m). Now, m is a left ideal of the 
super algebra A if and only if m = I](m). This last equality tells us that M is in fact a module over the 
super algebra A, and a fortiori M ® is also a module over A. If m 7^ S(m), then m + S(m) — A and 
the Chinese Remained Theorem {cf. IIAF92I , Exercise 6.18) gives us an isomorphism 

M © ~ A/m © A/E(m) ~ A/{m n E(m)) 

of modules over the algebra 0{A). Since m n S(tn) is a left ideal of the super algebra A, the claim holds. 

We now prove that M+ and AI- are simple over ©(^(g)). It is clear that ~ so the direct 
sum Af+ © Af_ has the structure of a module over the super algebra U (g). Moreover, by construction, we 
have the isomorphisms M+ ~ U{q)/{U{q)J+) and A/_ ~ U{g)/ {U{g)J-) of modules over 0{U{q)). On 
the other hand, it can be easily verified that there are isomorphisms U (g) / {U{q)J) '^U{q)/ (W(g) J+) 
and U (g) J+/(W(g) J) ~ ZY(g) / {1({q)J~ ) of modules over the algebra 0{U{q)), which in turn implies the 
isomorphism A/+ © M- ~ U{q) / {U{q)J) of modules over 0{U{q)). Hence, we shall identify A/+ and 
Af_ with their images inside of W(g)/(ZY(g) J) given by the previous isomorphisms. Furthermore, the 
isomorphism S on U{q) induces an isomorphism on U{g)/{U{g)J) which sends A/+ to A/_. Since J 
is a maximal left ideal of the super algebra U{q), U{q) / {U{q)J) is a simple module over U{q). Let us 
choose N a simple submodule of A/+. Then S(Af) ~ N'^ is a simple submodule of AI- = S(Af+) and 
by the previous paragraph N © S(A^) has the structure of a module over the super algebra U{g). Since 
U{q)/ {U{q)J) is a simple module over ZY(g), then it coincides with A^© I](A^), which in turn implies that 
= N and A/_ = ^{N). Hence, they are simple modules over ©(^^(g)) and the proposition is thus 
proved. □ 
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4.2.3 Some results on stabilizers 



We want to describe the stabilizers of the primitive ideals of In order to do that, we first consider 
the following simple result. 

Lemma 4.15. Let gbea nilpotent super Lie algebra, t an ideal of q such that there exists a homogeneous element 
X G g satisfying that q is generated by t and x, and A e £(, afunctional satisfying that X{x) = X{[x, i]) = 0. 
Denote A' G £{ the restriction ofX to t Then st(/(A'), g) = g. 

Proof. The proof given in IIDix96L Lemma 6.2.6, (iii), also holds in this case, taking into account that 
there exists a polarization invariant imder the action of g by Remark l3.9[ (i), and that /(A') is invariant 
under g if and only if it is invariant under ad(x). □ 

As a direct consequence from the previous lemma we obtain that (c/. ||Dix96L Prop. 6.2.8): 

Proposition 4.16. Let gbe a nilpotent super Lie algebra, t an ideal of q and \ E C^. Denote by g' the super 
vector space formed by the elements a; G g satisfying that \{[x, t)]) = 0. Then, st(/(A), g) I) g' + t. 

Proof. It is direct that I C st(/(A),g), so let us prove that g' C st(/(A),g). Take a; e g' and consider 
the subalgebra f) of g generated by t and x, which is nilpotent since g is. Lemma 14.151 tells us that 
x e st(/(A), g) and the proposition is proved. □ 
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